Anrebpa u aHau3 St. Petersburg Math. J.
Tom. 16 (2004), Bbim. 3 Vol. 16 (2005), No. 3, Pages 477-506
S 1061-0022(05)00862-9

Article electronically published on May 2, 2005

ON THE ASYMPTOTICS OF SOLUTIONS
TO THE NEUMANN PROBLEM FOR HYPERBOLIC SYSTEMS
IN DOMAINS WITH CONICAL POINTS

A. KOKOTOV AND B. PLAMENEVSKII

ABSTRACT. Hyperbolic systems of second-order differential equations are considered
in a domain with conical points at the boundary; in particular, the equations of
elastodynamics are discussed. The asymptotics of solutions near conical points is
studied. The “hyperbolic character” of the asymptotics shows itself in the properties
of the coefficients (stress intensity factors) depending on time. Some formulas for the
coefficients are presented and sharp estimates in Soboloev’s norms are proved.

§1. INTRODUCTION

Let G be a domain in R™ with boundary 0G containing conical points. We consider a
class of hyperbolic systems of second-order differential equations with Neumann’s bound-
ary conditions in the cylinder G x R = {(z,t) : z € G,t € R} (and in the semicylinder
G x R;). In particular, this class includes the dynamical equations of elasticity the-
ory. Our main purpose is to study the asymptotics of solutions near the conical points.
We investigate the solvability of the problem mentioned above in a scale of weighted
spaces. This enables us to obtain and justify asymptotic formulas. For the coefficients
in the asymptotics (depending on time), we give explicit formulas and sharp estimates
in Sobolev’s norms.

The principal part of the asymptotics near a conical point is a linear combination
> ¢j(t)u;(x) of functions u; satisfying a homogeneous elliptic problem in the “tangent”
cone; the latter problem is the elliptic part of the initial problem. The hyperbolic char-
acter of the asymptotics shows itself in the coefficients ¢;. They admit representations
of the form

(1.1) o= | jﬂx,t — sy (@ 5) da ds,

where f is the right-hand side of the hyperbolic system in question (we consider the
homogeneous boundary conditions), and the w; are some functions satisfying the homo-
geneous problem in the cylinder G x R and determined by their asymptotics near the
conical point. The proof of the above formulas is the main result of the paper.

The properties of coefficients are of special interest for elastodynamics (the stress
intensity factors). In the theory of elliptic boundary-value problems, the corresponding
formulas for the coefficients made it possible to study the asymptotics of fundamental
solutions (the Green functions and the Poisson kernels) near conical points ([20]; see also
[7). It can be expected that formulas (I will play a similar role for the fundamental
solutions to hyperbolic problems.
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478 A. KOKOTOV AND B. PLAMENEVSKII

The present paper contains no further investigation of the functions w;. We calculate
these functions explicitly for the wave equation in a cone. The expressions obtained
show that w;(z,t) = 0 for ¢ < |z|, and the singular support satisfies singsuppw; C
{(z,t) : |x| = t}. This and ([I) directly yield some consequences for the coefficients
¢;. (For instance, if the singular support of f is bounded in the spatial variables and
upper bounded in time, then a “back edge” phenomenon occurs for the coefficients in the
asymptotics: the functions c¢; become smooth after the moment when the perturbation
coming from the singular support of f leaves the vertex of the cone.)

The study of the model problem in an n-dimensional cone K constitutes the bulk
of the paper. As in [bl [6], the method is based on “combined” a priori estimates of
solutions. The Fourier transformation relative to time leads to a problem in the cone K
with parameter 7 = o — iy, where 0 € R and v > 0. In a neighborhood of the vertex (of
diameter const/|7|) we employ a weighted elliptic estimate. Localizing a global energy
estimate, we obtain a weighted hyperbolic inequality far from the vertex. Requiring
some additional smoothness of the data with respect to time, we match the hyperbolic
inequality with the elliptic estimate in the intermediate zone.

As has already been mentioned, we consider scales of weighted spaces. Roughly speak-
ing, as the weight we take |z|” exp(—7t), where |z| is the distance from the vertex of K.
The combined estimates are proved for all 8 < 1, 8 & {0k}, where {8;} is a sequence
such that 1 > 8y > (s, ..., Bx — —oco. In the cone, the problem involving a parameter
gives rise to a closed operator. The kernel and cokernel of this operator are trivial if
B € (B1,1]. As 8 decreases, the dimension of the cokernel increases (when § crosses ()
but remains finite. The elements of a basis of the cokernel are uniquely determined by
their asymptotics near the vertex. This allows us to obtain the asymptotics of solutions
near the vertex of the cone, including formulas for the coefficients. The inverse Fourier
transformation carries the theory over to the problem with time, posed in the cone.

To implement the above method for the Neumann problem, we need to modify the
argument used in [6] in the case of the Dirichlet boundary condition. In particular, the lo-
calization procedure becomes more complicated. The proof of a global weighted estimate
for solutions of the problem with parameter in a cone becomes more involved, as well as
the estimate itself. (Technically, these complications are due to the fact that multipli-
cation by a cut-off function and the operator of boundary condition do not commute in
general.) Dealing with the equations of elasticity theory, we employ a nonstandard “Korn
inequality” proved in [2]. The corresponding weighted spaces must be defined in a special
way for n = 2: a weaker “nonhomogeneous” norm must be employed to incorporate the
generalized (strong) solutions in a proper weighted space (this is well known in the theory
of elliptic boundary-value problems in domains with piecewise smooth boundaries; see,
e.g., [12, I7]; here we merely adapt the corresponding techniques to our problem).

The paper consists of seven sections. A strong solution for the problem with parameter
in a cone is introduced in §2; the combined estimates of solutions are established in §3. In
84 we study the properties of the operator of this problem. The asymptotics of solutions
of the problem with time in a cone is described in §5. These results are specified for the
wave equation in §6. Finally, in §7 we explain briefly how these results can be extended
to the problem in the cylinder G x R.

Let us indicate some publications related to hyperbolic problems in nonsmooth do-
mains; however, the results of that work are not used here. The wave equation was con-
sidered in [I3] (a wedge with edge of codimension 2, an explicit formula for solutions),
n [T4] (domains with edges, the fundamental solution, propagation of singularities; the
approach was based on a functional calculus for the Laplace operator), in [15 16] (mi-
crolocal analysis), and in [17] (the homogeneous Dirichlet boundary condition); see also
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NEUMANN PROBLEM FOR HYPERBOLIC SYSTEMS 479

the references in these papers. The monographs [18]-[20] were devoted to the case of rec-
tilinear boundary and were mostly built on explicit formulas. A certain general approach
different from that presented in [5] and [6] was proposed in [21] 22] (strongly hyperbolic
systems in a domain with a conical point, the homogeneous Dirichlet boundary condi-
tions); this approach does not lead to formulas for the coefficients.

§2. THE MODEL PROBLEMS IN A CONE. A STRONG SOLUTION

2.1. The problem in a cone. Let K be an open cone in R™ with boundary 0K
and with vertex O at the origin. Let Q be the (relatively) open set cut out by K
from the (n — 1)-dimensional unit sphere S"~!. We assume that the boundary 9 is
smooth. We introduce a hyperbolic operator L(D,, D;) = P(D,) — D? with elliptic part
P(Dy) =3 ApgDy, Dy, where 1 < p,q < n, the A,q are (m xm)-matrices with constant
complex entries, and A,, = A7 . The operator P(D,) is subject to one of the following
two conditions:

a)> (Apgnp, ng) > c|n|? for all n, € C™, where ¢ > 0, |n]*> =3 |n,|?, and (-, -) denotes
the inner product in C™;

b)P(D,) coincides with the Lamé operator —uA — (A + p) grad div (and then m =
n=2,3).

In the cylinder @ = {(z,t) : € K,t € R}, consider the problem

{L(Dx,D»u(a:,t) = f(z,t), (x,t)€Q,

(2.1) N(z,D,)u(z,t) =0, (z,t) € 0Q.

Here N(z, D) is the (m x m)-matrix of first-order differential operators in the Green
formula

(2.2) (P(Dy)u,v)k = a(u,v; K) — (Nu,v)or, u,v€ C®(K),

and a(-,-; W) is a symmetric sesquilinear form (i.e., a(u, v; K) = a(v,u; W)), specifically,

(2.3) a(u,v;K):/ a(Vu, Vv) dx:/ Z Z AByrsOz, g0z, Uy di.
w K

r,s=10,y=1
We assume that the operator {P(D,.), N(z,D,)} is elliptic. In particular, if P(D,) =

—pA = (A + p) grad div with A > 0 and g > 0, then we put Nu = {3, oju(u)vi}i_,,
where {o;1} is the stress tensor,

Ou;  Ou .
O'jk(’u,) = M(axi —+ 8.’1;k> —+ (Sjk)\leU,
J

and v = {vy, 9,3} is the outward normal to the boundary.
Setting 1, = £,¢ with £, € C and ¢ € C™ in condition a), we obtain
D (AgC Q8 = cl€PICP,

1<s,p<n

which is equivalent to the strong ellipticity of the operator P(D,). However, for the
Lamé operator (which is known to be strongly elliptic) condition a) fails; the energy
form «f(-,-) is no better than nonnegative.

As an example, we also consider the Neumann problem for the scalar wave equation

(2.4) (02 = A)u=fon@Q, 8,u=0onadQ;

in this case some of our results become more explicit and their proofs shorten.
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480 A. KOKOTOV AND B. PLAMENEVSKII

2.2. Energy estimates on solutions of the problem with parameter. Applying
the Fourier transformation F;_,, to equations (2.1I), we obtain a problem with parameter
T.

(2.5) {L(DMW(%T) = f(z,7), z€K,

N(z,Dg)u(xz,7) =0, x € 0K.

Proposition 2.1. Suppose v € C2°(K) and N(z,D,)v =0 on OK. Then the estimate

(2.6) 72/ (P*[o(@)? + [Vo(@)[*) dz < C/ |L(Dy, 0 — iy)o(x)[* da

K K
is true with a constant ¢ independent of the parameter T = o — iy, where 0 € R, v > 0,
and p = |7].

Let H'(K) denote the usual Sobolev space in K. We preface the proof of the propo-
sition with the following assertion.

Lemma 2.2. Let a(-,-; K) be the same form as in @Z2). Then for all u € H'(K) we
have

(2.7) |Vu; Lo (K)||? < ca(u,u; K),
where ¢ is a constant independent of u.

Proof of the lemma. If P(D,) satisfies condition a), then for the form a(-,-) in (Z3) we
have

a(Vu,Vu) = Z(qué)xpu, D u) > | Vul?,
which leads to 27). If P(D,) is the Lamé operator, then
(2.8) a(u,u; K) > E(u; K),
where

B(u: K) :/ S 10015+ Oy un 2 da
K J.h

(see, e.g., [F]). In this case, (21) follows from (28) and “the Korn inequality”
(2.9) E(u; K) > ¢|Vu; Ly (K)|]?,  w e HY(K), ¢>0.

It should be emphasized that inequality (Z.9)) is “nonclassical” (the domain K is un-
bounded and there is no summand ||u; Lo(K)||? on the left in (2.9)). Estimate (23) is
contained in [2, Theorem 3.1]. O

Proof of Proposition[2.1] Put
f(x,t) = 02w(x,t) + P(Dy)w(z,t)

with w lying in the Schwartz space S(R;ftrl) and satisfying N(x, D,)w = 0 on 0K. We
have

Adding this identity to its complex conjugate, we obtain

/K[ Oy 2 + (P(Dy)w, we) + (wy, P(Dy)w)) da dt

_ 2§R/K/too<f,wt>dydt.

(2.10)
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NEUMANN PROBLEM FOR HYPERBOLIC SYSTEMS 481

Formula (2.2) yields
(P(Dy)w,wi) i + (wi, P(Dy)w) g
= (P(Dy)w,ws) i + (P(Dg)ws, w) g = Op(P(Dy)w, w) .
Therefore, (22I0) can be rewritten as
t
Jun 0 Lo (B2 + (POl 0wt =20 [ [ () doat
K J—oo
Using (2.2), (Z7)), and the relation N(z, D, )w|0K = 0, we arrive at the inequality
[we (-, 1); La(K)||* + [IVaw (-, £); Lo (K)|*
t
< [0 a0 La(i) .

We denote by h(t) the integrand on the right, multiply 211) by e~27!, and integrate to
obtain

+oo
[ e s L) + 9,9 L) P)

—o0
+o00 s +oo +oo
< c/ 6_273/ h(r)dr = c/ h(r) dr/ e 27 ds
— 00 — 00 —00 r

+oo
< (07*1/2)/ h(r)e™ 2" dr

oo

<@ [ :O e‘MIIf(-,t)IIth>1/2< / +: e—2“||wt<~,t>||2dt)1/2.

Consequently,

+oo
3 [ eI 0 La (R + V) La(FOIP)
<o [ Temsenia

—00

(2.11)

(2.12)
In @I2) we put w(x,t) = v(z)Y(t), where ¢ € e 7'S(R) N S(R), v € CX(K), and
N(z,D,)v|0K = 0. We have
+o0 R
7 [ da [ dolito —in)PGRota) + Vaol@) )
+oo
<c[ dn [ dolito~ i Pl ~ @)

Since the function ¥ € e”7*S(R) N S(R) is arbitrary, this justifies (2.6). O

2.3. A weak solution of the problem with parameter. To simplify the notation,
we rewrite ([ZH) in the form

(2.13) L(Dg,m)u={-1*+P(D.)}u= fin K; N(x,D;)u=0on K.
As usual, a function u € H(K) is called a weak solution of problem [2I3) (with f €
Ly(K)) if
(2.14) B(u,v) = a(u,v; K) — 72/ ubdr = / fodx
K K
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482 A. KOKOTOV AND B. PLAMENEVSKII

for any v in H'(K). The existence of a unique weak solution of (ZI3) can be obtained
easily from the Lax-Milgram—Vishik lemma (in the form given in [I Remark 2.9.3])
combined with the following assertion.

Proposition 2.3. If 72 € C\ Ry, then

|B(u, u)| = 8jus H' (K)|*
with 6 = 6(1) > 0.
Proof. Let a = ||u; Ly(K)||?, and let 8 = a(u,u; K). By ([27), we have

(@ + 5912 > 2712 (a + )
> 272 (Jus Lo(K) |? + ea (Vs Lo (K)|) = eallus H (K.

Therefore, it suffices to show that
(2.15) |B(u,u)* > §%(a? + 7).

Setting 72 = o1 +iv; with real o1 and 7y, we obtain | B(u,u)|? = 82+ (02 +~%)a?—201a8.
If oy =0 and 1 # 0 or o7 < 0, then (2I8) is obvious. If oy > 0, we have 71 # 0. Choose
e € R such that ¢2 < 1 and (¢72 — 1)o? < 4?. Then 201083 < 232 + e 207a? and

[Bu,u)|* > %(1 = €?) + a®[7] — (72 = 1)oi] = 8*(a® + §°). O
2.4. A strong solution of the problem with parameter. We view the map A(7) :
w > L(Dy, T)u as an unbounded operator in Ly (K) with domain
{ue C®(K\O)NHYK) : N(x,D,)ul0K =0, L(D,,7)u € Ly(K)}.

This operator admits closure. From now on, A(7) stands for this closure with domain
D(A(7)).

Definition 2.4. Let f € Ly(K). A solution of the equation A(7)u = f is called a strong
solution of problem (ZI3).

Theorem 2.5. For any f € Lo(K) there exists a unique strong solution u of problem
([213). The estimate

(2.16) V2 (P?|lws La(K)|* + [|Vu; Lo (K)|1?) < el f5 La (K|

is fulfilled with a constant ¢ independent of T = o — iy, where 0 € R, v > 0, and p = |7|.
Proof. Estimate (2.0)) remains valid for v € D(A(7)). Hence, the kernel of A(r) is trivial
and the range of the operator is closed. Moreover, C°(K) C im A(7), because the weak
solution of problem [ZI3) with f € C°(K) belongs to D(A(7)) in accordance with the

known results of the theory of elliptic boundary-value problems. Since im A(7) is closed,
this implies that im A(7) = Lo(K). O

§3. WEIGHTED ESTIMATES OF SOLUTIONS
OF THE PROBLEM WITH PARAMETER IN A CONE

3.1. Estimates far from the vertex of the cone. Let s be a nonnegative integer,
and let 8 € R. We introduce the space Hj3(K) as the completion of C2°(K \ O) with
respect to the norm

1/2
>y /K |y|2<ﬂ-s+a'>|Dzu<y>|2dy) .

laf<s

(3.1) s H3(K) | = (
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The space H B(K ; q) with positive parameter ¢ is equipped with the norm

s 1/2
(3.2) s H3 (K )| = (Zq%nu;ﬂg—k(mn?) .
k=0

We also put
1/2
fus 305 = ([ juto)Ple? a)
0K

Proposition 3.1. Let koo € C°(R™) be a cut-off function such that 0 < ko < 1,
koo(n) =1 for |n| > c1 >0, and koo(n) =0 for |n| < c1/2. Let ¥ € C°(R") be another
cut-off function such that 0 < W <1, U(n) =1 for ¢ /2 < |n| < C1p?/2v%, and ¥(n) =0
for |n| < c1/4 and |n| > Ci1p?/y2. Then the constant Cy can be chosen so that the

estimate
(3.3) (7/p)? || ocu; Hy(K; 1)
< {||Roo L(Dy, O)u; HY(K)|1? + [[Wu; Hg_y (K; 1)1 + |[Wu; Hy o (0K)|”}

is valid for allu € C°(K\O) satisfying N(n, Dy, 0)u|l0K = 0; here § = 7/p with p = |7|.
The constants c, c¢1, and Cy are independent of T = o — iy, where 0 € R and v > 0.

Proof. We choose £ and ¢ in C2°(R™) with supp s C {1/2 < |y| < 2}, suppy C {1/4 <
lyl < 4}, and k9 = k. Note that if u € C°(K \ O) and N(x, D,)u|0K = 0, then

(3-4) IN (2, D2 )(ru); OK|| = [[[N (2, Dz), 5lu; OK|| < Cl|¢pu; OK|;

here and in what follows we denote |w; M| := [w;L2(M)||. We assume that w €
C*®(K x R) and N(z, D,;)w|0K = 0, and put

Fula,t) = (87 + P(Dy))(kw(a,1)).
Arguing in the same way as in (2I0), we obtain

/K[ (Or]|kwi|? + (P(Dy) (kw), kwy) + (kws, P(Dy)(kw))) da dt

= 2§R/K/too<fm/<awt>d:ndt.

Formulas and (3.4) lead to the relations
(P(Dy)(kw), kwt) g + (kwe, P(Dy)(kw)) k
= (kw, P(D,)(kwy))k + (kwe, P(Dy)(kw)) kg — (N(x, Dy)(kw), kwe)ok
+ (’iw’ N($, Dm)(’iwt))aK

= OR(P(D,)(kw), kw)x — R{(N(x, D,)(kw), kw)ox — (kw, N(x, D) (kwe))ok }

> O (kw, P(Dy)(kw)) i — c|[¢w; OK]| [[¢we; OK].
Together with (3.5), this gives
[5we (-, 8); KI* + R(P (D) (kw(-, 1)), kw(-, 1))k

< CQ(/ lvw; OK|| ||vpwy; OK || dt +/

— 00 — 00

(3.5)

(3.6)
s K ls: K] dt>.

On the other hand,
R(P(D,)(kw), kw) g = a(kw, kw; K) — R(N(z, Dy)(kw), kw)ax

3.7
37) > cal| Vi (wao, )); K2 — e lws O 2
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Comparison of (3.6) and (B7) yields
(3.8)
e (-, £); K| + [ Vo (k- 1)); K
t t
<es( [ Iwwsomllwwsortar s [ 1K) v Kl i Jousok P )

We multiply (B:8) by e~?'* and integrate. As in the proof of (2:12), we obtain the
inequality

“+o0
/ 2wy (-, 8); K + [V (o, £)); K2}

“+oo
< (%/7)(/ ™ ([[pw; OK | [[ypwe; OK || + (| fs K| || 5we; K1) dt

— 00

“+o0
+C7/ e‘27t|ww;(’9K|2dt>.

— 00

Since

v lgw|l lpw |l < 27 (lpwl|® 4+~ 2{|bw )
and

Y fell Rwell < Cov 2N fell® + ell w1,
we have

2 e 2t 2 2
¥ / e T{|lkwe (- 1); K|I° + [V (kw(-, 1)) K"} dt

(3.9) -

+ oo
<e / (s K2 + 2w K P + [y 0K |2) .

oo

In (39) we take w(z,t) = v(z)x(t), where v € C>®(K), N(z,D,)v = 0 on 9K, and
X € e "S(R) N S(R). Then
(3.10) V(P llv; K1 + [V (rv); K1)
< c(lL(Dg, 7)(k0); K|I* + 4 [[4hv; 0K ||* + |7 [0; OK ).
Observe that
I1L(Dg, 7)(k0); K|| < [|£L(Da, 7)v; K| + [[[L(Ds, 7), 5]v; K|
< [KL(Da, T)o; K| + c(plldo; K| + [[¢v; K| 4[|V (o); KJ)).
Using the inequalities [[¢v; K| < ¢|V(¢v); K|, (3I0), and (BII), we arrive at the

estimate

(3.11)

72 (0P [lwvs K |? + (Ve (50); K1)

(3.12)
< c([|KL(Dy, T)0; K|* + p?[|tpo; K|” + |V (¢0); K| + p?[|¢pv; OK|[?).

In (BIZ) we replace v by the function y — V.(z) = u(e~'z), where N(x, D,)u = 0
on 0K, and instead of 7 we take 7/(ep) with € > 0. (Since the coefficients of the
differential operator N(x, D,) only depend (linearly) on the unit normal v(x) to 0K,
this substitution is possible.) Then ([BIZ) takes the form
(3.13)

e p (e W Ve KIIP + (| Va(rVe); KI?)

< c(|[KL(Dy, 0/e)Ves K|? + €72 [9Ves KIP + [V (0Ve); K| + 72| Ves 0K ).
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1z and multiplying by £~ (=9 we obtain

Making the change of variables z +— n =¢~
V2 ([Ikew; K[| + [V (keu); KIJ)
< e([|keL(Dy, O)us K||* + *{[ew; K| + |V (¢eu); K|*} + ellveu; OK %),
where k.(n) = r(en), ¥(n) = 1p(en). We multiply GI4) by e 28, set ¢ = 277, j =
1,2,..., and sum all the inequalities. The sum of the terms e!=2%|j1p.u; OK||? with
e =277 < 42/2*p?c does not exceed (72/22p2)||noou;Hé(K;p)HQ. Therefore, this sum
can be moved to the left-hand side of the resulting inequality. The same is true for the
terms coming from the expression e?{||v.u; K||?> + ||V (-u); K||?}. Thus, we arrive at

B3). O

If the commutator [N(z, D,), ] vanishes, on the right-hand side of (83) the norm
||~;H871/2(8K|| can be dropped. For instance, consider the case of m = 1, with the
operators

(3.15) L(Dy,Dy;):=0? —A, and N(z,D,):=0,.

Proposition 3.2. Let L and N be as in BIH). If u € CX(K \ O) is such that
N(z,D;)u|0K =0, then

(v/p)?||kocu; Hp (K5 1))
< {llkoo L(Da, O)us HG(K)|* + [[Wus Hi_ (K3 1)[*}
with constant ¢ independent of T = o — i7y, where 0 € R, v > 0, and p = |7|.
Proof. Since N(z, D;)(ku) = d,u = 0, Proposition 2T implies that
(R v; K2 + [V (50); KIP) < (| L(Dy, 7) (s0); K1),
Now, we deduce (BI6) in the same way as ([B3) was deduced from BI0]). O

(3.14)

(3.16)

3.2. Estimates near the vertex of the cone. The boundary-value problem
(3.17) L(D,,0)u=f, ne K; N(n,D,)u=0, nedK\DO0,
is elliptic. We shall use some results about elliptic boundary-value problems in domains
with conical points (see, e.g., [7]).

We introduce an operator pencil 2 in Q = K N S"~! by the rule
(3.18) C2 A= AN = {27 P(D,) x|, |2|*~ AN (z, D,)|z|™}.
The map A(\) : H2(Q) — Lo(Q) x HY/?(99Q) is an isomorphism for all A € C except
for the normal eigenvalues. Each strip |3A| < const contains finitely many points of the
spectrum of 2A(X).
Proposition 3.3 (see [7} Theorem 4.1.2]). For § € R, suppose that the line IS\ =
B — 24 n/2 is free from the spectrum of A. Then for every u € HE(K, 1) satisfying
N(n,Dp)u =0 on 0K we have the estimate
(3.19) Ixu; HF (K 1)[1? < e{lIXL(Dy, 0)us HG(K)|* + |[9u; H3 (K5 1)|1%},
where x,¢ € CX(R™), x¢v = x, and x = 1 near the vertex of K; the constant c is
independent of 6 = §/p.

For n = 2 we shall need “nonhomogeneous” norms. Let HE’O(K ) denote the space
with the norm

2,0 — — «@ «@
lu; HEP ()| = 77 s Lo (K)|1P + Y (77241 D Ly (K.
0<|a|<2

Before proceeding to problem (B.I7), we prove two lemmas. The first of them is
contained in [7, Proposition 4.5.2].
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Lemma 3.4. Letn =2, and let u € HE’O(K) with 3 < 1. Then the limit

r—0+

u(0) = lim |Q|_1/Qu(r,w)dw

(where Q = K N S and || is the length of the arc Q on S*) exists. Moreover, xyu =
X(v+u(0)), where v € H3(K), x € C*(R?), and x = 1 in a neighborhood of the origin.
We have

(3.20) 17772 (w = u(0)); Lo (K 0 {Jy| < 1) < el r Vus Lo (K 0 {Jy| < 1),

(321)  |u(0)] < e{[Ir" " Vs Lo(K N {Jy| < 1P| + [lu; La(K N {1/2 < |y < 1})]}.
If 6 <0, then u(0) = 0.
Lemma 3.5. Under the assumptions of Lemma B4, let ¢ € (0,1). Then
[w(0)] < ellr”~ ' Vu; Lo(K N {Jy] < 1))
+ Cellu; Lo (K N {0 /2 < Jy| < 1})|.
Proof. Applying (Z21) to the function y — w(y) = u(ey), we obtain

()2 < 0{52/ |x\2ﬁ*2|vu(sy)\2dx+/ fu(e)? e}
Kn{|z|<1} Kn{1/2<|z|<1}

< c{s%zﬁ)/ |22 72|Vu(x)|? d:C+€72/ lu(x)|? d$}.
Kn{|z[<1} Kn{e/2<]z|<1}

It remains to replace € by ¢'/(1=9), ]

(3.22)

Now we are ready to obtain “nonhomogeneous” estimates of solutions of problem
(BI7) in a neighborhood of the vertex of K.

Proposition 3.6. Suppose n =2, u € HZ’O(K) with < 1, and N(n,Dy)u =0 on 0K.
If the line SA = B — 1 contains no eigenvalues of the pencil A, then for some § > 0 we
have the estimate

(323)  xus H3"(K)|| < e{IXL(Dy, 0)us HY(K)|| + lJu; H' (K N {6 < |n] < 2})1}
with constant ¢ independent of u and 0; here x € CX(R?), x(n) = 1 for |n| < 1, and
x(n) =0 for n| > 3/2.

Proof. Let ¢ € C°(R?) be a cut-off function such that 1y = x. By Lemma B4 vu =

Yu 4+ Yu(0) with Yv € HE(K). Since the line A = § — 1 is free from the spectrum of 2,
we have

(3.24) l[xv; H3(K)||
< {IXL(Dy, 0)v; HY(K)|| + |[XN (0, Dy)v; Hy *(OK) || + |[o; HY(K) |}
Observe that
XN (1, Dy)v = xN (0, Dy)u — xN (0, Dy)u(0) = —xN(n, Dy)u(0),
xL(D,,,0)v = xL(D,, 0)u+ xL(D,,, 0)u(0).
Therefore, (B24)) implies the estimates
lIxus Hy (K[| < e(|lxv; H3(K)|| + [|xu(0); Hy *(K)|)
< {lIXL(Dy, 0)u; HY(K)|| + [[oov; H(K)|
+ IXL(Dy, 0)u(0); HY(K) || + XN (1, Dy)u(0); HY *(9K)|}
< {IIXL(Dy, 0)u; HY(K)|| + |lvpv; H5(K) || + |u(0)]}.

(3.25)
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Recall that if 8 <0, then «(0) = 0. Using (B:20), we obtain

s HY (KPP < / (or28=2 1 |Vuf*2) da
Kn{]z|<2}

< 0{52 / (Jlu— u(())|27"2ﬁ74 + |Vu\27"25’2) dx
Kn{jal<e}
+/ (| — u(0)[2r25-2 4 |vu|2r2f*)dx}
Kn{e<|al<2}

<efe [Vulr®=2do 4 ()} + Celus HI (K 1 {e < Jo] < 2))|
Kn{lz|<1}

< efe?|lxus Hy° (K)|1? + [u(0)*} + Cellu; H' (K N {e < 2] < 2})|%.

Taking a sufficiently small &, we bound |u(0)| with the help of inequality ([3:22). Now we
can rewrite (B:25) in the form

2,0
[[xu; Hg ™ (K|
< ¢lIXL(Dy, O)us HY(K)|| + el xus H® (K| + Cellus HY (K 0 {6 < [n]| < 2}).
Transferring the term with factor e to the left, we arrive at (323). O

3.3. Global estimates.

Proposition 3.7. Suppose the line SA = 8 — 2 + n/2 contains no eigenvalues of the
pencil A. Then, under the condition 3 < 1/2, for any function v € H(K) N Hg(K)
satisfying N(x, Dy)v =0 on OK we have

IIxpvs H3 (G p)1* + 22 s Hy (K p)

(3.26) < c(HL(Dx,T)v;Hg(K)||2 + (P> )| L(Dy, 7)v; K|)

with constant ¢ independent of T = o — iy, where 0 € R and v > 0. If1/2 < § < 1, then
inequality (3.28) remains valid with p*® /4* in place of p?>=2P /4% on the right-hand side.

Proof. We add estimates (33) and (BI9). We can supress the cut-off function ks on
the left-hand side and the norm |[¢ou; H(K;1)|| on the right-hand side of the resulting
inequality. Therefore,

s HE(EG )2 + (/) [lws Hy (K3 1)

(3.27)
< AN L(Dy, Oyu; HY|1? + | 0u; Hy_y (K D|” + [|Qu; Hy 15 (0K) |}

If 8 <1/2, then

|u; HY_, o (9K)|2 < / 2012 () dn < cllu; OK |1
{n€dK:0<c1<|n|}

< ellus K| + [[Vu; K1) < e(p/7)? | L(Dy, 0)us K|J?

(3.28)
(this follows from the well-known inclusion H'(K) C L2(0K) and estimate (Z6) with
0 = (0 — ivy)/p in place of 0 — iy and v/p in place of ). Moreover,

(W HY (K D) < e / 2Ol + |2l + [uf?) di
(3.29) 0<Cl<‘77|
<e /K (Vul? + [u) dn < e(p/7)2 | L(Dy, O)u; K.
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Inequalities (B321), (3:28)), and (3:29)) imply

(3.30) Ixu; HE (K V)12 + (v/p)? |lus Hy (K5 1)1

< {IIL(Dy, O)us HY(K)|* + (p/7)* | L(Dy, 0)u; Lo (K) |}

Here we put = = p~n, x,(z) = x(pz), and v(z) = u(pz). Observe that
N(n,Dy)ul0K =0 <= N(z,D,)v|0K = 0.

As a result, we obtain (3.26]).
Now, suppose that 1/2 < § < 1. Formula (B8:29) is still true, whereas (3:28)) must be
modified. We have

W HY_ (0K |2 < / [n[20= 12 () ? iy
{n€dK:|n|<C1p?/+?}

< Co(p°/7*)P s 0K |12 < Ca(p?/4%) % (s K1 + [ Vs K1)
< Cu(p? /)PP |IL(Dy, O)us K ||,

(3.31)

Thus, we arrive at inequality (3:30) with (p/7)%+ (p/7)*” in place of (p/7)? on the right.
Obviously, (p/v)? + (p/7)*? < 2(p/7)*? for B > 1/2. As before, passage to the variables
x, Xp(z), and v(z) completes the proof. O

Turning to nonhomogeneous norms, we introduce the space HE’O(K ; p) with the norm

2 1/2
(3.32) |v;H§’°<K;p>|=( / leFﬂ4”'“'D;“dex+p2||v;Hé(K;p>||2) :

Ja|=1
We have
Jos (59| = s HE sl + [ Jal2?4Ju()? o
Proposition 3.8. Suppose that n = 2, 8 < 1, and the line SA = B — 1 is free from

the spectrum of the pencil A. Then, under the condition f < 1/2, for any function
v € CX(K) satisfying N(x, Dy)v =0 on 0K we have the estimate

IIxpvs Hy (5 p) 17 + 7 lo; Hi (K5 )1
< (| L(Da, 7)o; HR(K)|* + (p° %7 J4?) | L(Da, T)v; K| )

with constant ¢ independent of 7. If 1/2 < B < 1, inequality [B33) remains valid with
P8 [y*8 in place of p>~25 /42 on the right.

Proof. Assume for instance that 3 < 1/2. Using (3:23)) rather than ([B19) and arguing
as in the proof of Proposition B.7, we obtain

Ibeus Hy (B DI + (v/p)? lus H3 (K1)
< {IIL(Dy, 0)us HY(K)|* + (p/7)? |1 L(Dy, 0)u; Lo (K) |}

(3.33)

(3.34)

After the change of variables 1 +— x = p~!n, this inequality takes the form

(3.35) /

Since p|z| < const for x € supp xp, we can add the remaining terms to the left-hand side
2,0/ 7.
of (B38) to get [xpv; Hy" (K;p)|*. O

2
Y 2PN DE ()| de +p2/Iﬂf\w’Q\xpv\de+72||v;Hé(K;p)||2

lal=1

< e(||L(Dy, 7)o HY(K)|* + (07727 /4%) | L(Ds, 7)o; K|[?).
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§4. THE PROBLEM WITH PARAMETER IN A CONE: A SCALE OF WEIGHTED SPACES

4.1. The operator of the problem in weighted spaces. We define scales of function
spaces suggested by Propositions B.7 and B In the case where n > 3, the space
DHg(K;p) is endowed with the norm

(4.1) lo; DH (K p) || = (Ixpv; HE (K p)|1* + 5[l H (K p)[1P) /2.
If n = 2, then, by definition,

(4.2) lv; DHg(K;p)|| = (IIxpvs H3 (K p)||* + 72 [los Hy (K p)|[*)'/2.
For 8 < 1/2, we denote by RHgz(K;p) the space with the norm

(4.3) 1fs RHg (K p)|| = (s HRUEOI® + (97727 /4215 La () |%) /2.
If1/2 < <1, we put

(4.4) 1f: RHg (K p) | = (s HR(E)I® + (0% /4 f: La(K)P) 2.
We introduce the (unbounded) operator

(4.5) v L(Dy, T)v

in RHg(K;p), with domain
{ve C®(K\O)NDHsz(K;p)NH'(K):
L(D,,7)v € RH3(K;p), N(z, Dy)v =0 on 0K }.

The operator (£5) admits closure. We denote by Ag(7) this closure and by D(Ag())
its domain. The next statement follows from Propositions [3.7] and

Proposition 4.1. Suppose 8 < 1 and the line S\ = —2+n/2 contains no eigenvalues
of the pencil A. Then

1) D(Ap(7)) € D(A(7));

2) ker Ag(1) = 0;

3) im Ag(T) is closed in RHg(K;p).

In order to describe im Ag(7), we need information about solutions of the homogeneous

problem (ZH]) (with f = 0). We present this information in the next subsection, mainly
restricting ourselves to formulations. For the proofs, we refer the reader, e.g., to [7].

4.2. On solutions of the homogeneous problem with parameter in the cone.
Let C 3 A — 2((\) be the pencil defined in ([BI]). Consider the function

k
(4.6) u(y) =1 Y (ilogr) 10 ),
q=0 *’

where r = |z|, w = x/|z|. This function is a solution of the boundary-value problem

{P(Dm, Ou(z) =0 ifzeK,

(4.7) N(z,Dy)u(z) =0 ifz € oK

if and only if \ is an eigenvalue of 2 and ¢, ... ©(* =9 is a Jordan chain corresponding
to A (go(o) is an eigenvector and oM, . .. o) are generalized eigenvectors). Any solution
of the form (£0) is called a power solution. Let k1 > -+ > Ky be the partial multiplicities
of an eigenvalue Ao, and let {p(©9) ... *i=1): 5 =1, ... J} be a canonical system of
Jordan chains. The functions

k
(43) a9 ) = 0 3 (ilogr) 1) (o),

q=0
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where k =0,...,k; — 1, j = 1,...,J, constitute a basis in the space of power solutions
corresponding to Ag.

The operator pencil (BI8) can be written as 2A(A\) = {P(A),N(\)}. For ¢ and ¢ in
H?(€), we have the Green formula

= (¢, P(A +i(n —2))p)a + (6, N(A +i(n — 2))¥)a0,
which follows from the Green formula ([22). Therefore, 2A(\)* = A(A +i(n — 2)), where
2A(A\)* stands for the adjoint operator to A(\) relative to the Green formula (£9). The
spectrum of the pencil 2(\) is symmetric with respect to the line SA = (n — 2)/2.
We introduce the pencil
Co A=A (N) = R =AN +i(n — 2)).

If \o is an eigenvalue of 2A, then )\ is an eigenvalue of 2A*, and the geometric and
algebraic multiplicities of A9 and )¢ coincide. Canonical systems of Jordan chains
{0 pri=1a) g =1, J} and {99 . =135 = 1,... J} correspond-
ing to \g and Ao can be chosen to satisfy the orthogonality and normalization condition

(4.9)

(4. 10)
pz;) qz(:) (v+k+1-p—q)
% {(5K+k+1—p—qP()\O)4p(qﬁ)’1/,(10’())9Jr (5;+k+1_p_qN()\o)g0(q’g),1/)(’)’4))39}
= 60’,(&107]@71,1/;

where ¢, 4 is the Kronecker symbol, 0,( =1,...,J, v =0,...,kc —1,and k = 0,...,
ke — 1. The functions

k
(4.11) o®9) () = pro—(n=2) Z L(ilog )7 (k=99 ()
q=0

form a basis in the space of power solutions of problem (&.7)) corresponding to Ag+i(n—2).

If condition (£.I0)) is fulfilled, then the bases ({.8) and ({11]) are said to match.
Consider the homogeneous problem

(4.12) L(Dy,7)u=01in K; N(x,Dz)u=0 on 0K.

To be specific, first we assume that the line A = (n — 2)/2 is free from the spectrum
of A. (In general, this assumption may fail if n = 2. The modifications needed for
handling such problems will be indicated later.) Let A, be an eigenvalue of the pencil

2 such that I\, < (n —2)/2. We denote by {u&k’j)} and {vﬁ’j} some matching bases
of power solutions of problem (&T) corresponding to A\, and Xﬂ +i(n — 2). Substituting

the functions u&k’j ) in (@I12) and compensating the discrepancies successively (see [1]),
we construct the formal series

(4.13) Ufﬁj)(xﬂ') = Zr““*qPq(k’j)(w,T, logr)
q=0

satisfying (£12]). Here the Pq(k’j ) are polynomials in log r and T with coefficients smoothly

(k.3) (k.5)

depending on w € Q. Replacing u;,”’ by v,"’’, we obtain the formal series

(4.14) VED (2, 7) =Y piCutin=2)taglkd) (i 7 logr)
q=0
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satisfying (AI2]), where the properties of ng’j ) are similar to those of Pq(k’j ).

Proposition 4.2. Let A\, with S\, < (n —2)/2 be an eigenvalue of A, and let {vl(tk’j)}
be a basis in the space of power solutions corresponding to the eigenvalue A, + i(n — 2)

(see ([@I0). Then there exist functions x — w&k’j)(:c, 7) in (K \ O) satisfying (EI12)
and such that

. kg
(4.15) wit (2,7) = 3V (@,7) + pla, 7).

where V;gj)(x, 7) is the T'th partial sum of the series (m) with sufficiently large T. The
function p depends on k,j,u, T, and x, belongs to C*°(K \ O), and satisfies p(x,7) =
O(|z|") with h = min{—S\, : S\, < (n —2)/2} as © — 0 and 7 is fived. Moreover,
(1= x)p € H3(K;p) for any 3 € R. The functions wftk’J)(-,T) are unique and do not
depend on the choice of T and x.

Proof. We outline the proof, which proceeds in several steps.

A) We check the uniqueness of wfﬁ’j ). Suppose there exists another function ﬁ)ﬂc’j ) with
representation similar to (4.15)), a;l(]“’]) — )ZVH(’“TLJ) + 5. Then the difference w&k’j) _ ﬁ)ﬂm)
is in ker A(7) = 0, whence wff’j) = w&k’j).

B) We choose a function for the role of p; later we shall verify its properties. Introduce
the functions ) (5:4) (5:4)
fr o= LDy, )XV, 7 = XLV, 7 + L, XV, 7",
gr = N(x, Dw)xVN(’TJ) = XNVN(,T]) + [N, X]VN(,T])'
It is clear that supp fr and supp gr are compact and that for sufficiently large T the
functions fr and gr decay rapidly as y — 0. We look for a function p satisfying

(4.16) LDy, m)p=—fr,z € K; N(x,D;)p=—gr, z € OK.
To prove the existence of p, we are going to use Theorem therefore, we must pass

from (EI6) to a problem with a homogeneous boundary condition. For this, we consider
the elliptic boundary-value problem

(4.17) PD,)v=F,x€ K; N(z,D;)v=—gr, x € 0K,

where F' € C°(K).

In what follows we use some known results on elliptic problems in a cone (see, e.g.,
[7]). Problem (£I7) has a unique solution v in H{(K). In order that (1 — x)v belong
to Hg(K ) for a given [, the function F' must be chosen in such a way that the right-
hand side of problem (EI7) satisfy a finite number of orthogonality conditions; these
conditions can be chosen to nullify the part of the asymptotics of v at infinity that does
not belong to HE(K ). (As a matter of fact, the coefficients in the asymptotics are inner
products that involve the right-hand side of problem ([IT7) and some special solutions
of the corresponding homogeneous problem.) Given 3', we obtain yv € Hg,(K ) under
a few additional orthogonality conditions imposed on the right-hand side of (ZI7) (here
we assume 1" to be sufficiently large to ensure that xgr € H L 2(8K )). For the function
p = p+ v, we have the boundary-value problem

(4.18) L(Dy,7)p=—fr+F+71%v, 2 € K; N(z,D,)p=0, z € K.
By Theorem [Z5], problem ([#I8) admits a unique solution p € D(A(T)).

C) We show that the function wfﬁj) defined by (BIH) with p := p — v possesses the
properties claimed in the proposition.

Problem (4I8)) with fixed 7 is elliptic, and its right-hand side is in C*°(K \ O).
Therefore, p € C°(K \ O). Moreover, since — fr + F + 72v decays rapidly as |z| — 0,
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we have p(x) = O(|z|"). Clearly, the same is true for p. Finally, to prove the relation
(1— X)wak’J) € H3(K;p) for any 8 € R, we can employ the same argument as in the case
of the Dirichlet boundary condition (see [6], Proposition 4.3). O

Remark 4.3. Since the operator {L(D,, D), N(z,D,)} is invariant under the transfor-
mation ¢ — —t, Proposition remains true if 7 = o — i7 is replaced by T = o + i7.

4.3. Description of im Ag(7). First, we recall some preliminary facts about the be-
havior of a strong solution of problem (2I3)) near the vertex of K and near infinity. This
is not a definitive result on asymptotics yet, because this information contains no re-
mainder estimate uniform with respect to 7. For the time being, we keep the assumption
that the line S\ = (n — 2)/2 is free from the spectrum of 2. Moreover, we assume that
the same is true for the line S\ = § — 2 4+ n/2 with some 8 < 1. We denote by Sg the
set of all eigenvalues of 2 in the strip 8 —2+n/2 < S\ < (n—2)/2.

Lemma 4.4. Suppose 7 is fized and f € RHg(K;p). Then the solution of the equation
A(T)u = f admits the representation

(4.19) u=Y"FU%D 1,

Sp
where i € HE(K;p) and Ul(tkjf) is the Tth partial sum of the series (EI3) with suffi-
ciently large T. The coefficients cﬂc’j) are continuous functionals on RHg(K;p) defined
by
(4.20) B = i(f,wD (-, 7)),

where wﬁk’j) is gwen by (EIH), and (-,-) stands for the (extended) inner product on

Ly(K). Finally, the bases of power solutions u's™” and v used in @I3) and @Id)
are matched in the sense of .
Moreover, if (1 — x)f € Hy (K) with 3' > 3, then (1 — x)u € HE (K).

Proof. Obviously, RHz(K;p) C La(K). By Theorem[2H there exists a unique solution of
the equation A(7)u = f. The representation (E19) was obtained in the theory of elliptic
boundary-value problems (see, e.g., [7]). To prove (£20)), we can invoke Proposition
and use the same argument as in [I0] (see also [7]). The relation (1 — x)u € H3, (K) can
be verified in the same way as in [6] Proposition 4.3]. O

Proposition 4.5. Suppose that the assumptions listed at the beginning of this subsection
are fulfilled. Then

im Ag(7) = {f € RHg(K;p) : (f, wff’”(ﬁ)) =0 for all A\, € Sg}.
Proof. If f € RHs(K;p), then (@I9) is valid with ¢\ defined by @Z0). Note that
XU,SI)C:}?) & DHg(K;p) for A\, € Sg. Therefore, u ¢ D(Ag(7)) unless ) = 0 for all
Ay € S. This means that

imAg(7) C {f € RHp(K;p): (ﬁw&kd)(-,?)) =0 for all A\, € Ss}.

We prove the reverse inclusion. Given f € RHg(K;p), take a sequence {f,} C C(K)
such that f, — f in RHg(K;p). By Lemmald 4] for w, satisfying A(T)u,, = f,, we have
the representation

Un = ix Y (fo, wED () U +
Sp

with xu, € HE(K ;p). Choosing T' sufficiently large, we can assume that the function
0K > x — N(x, Dw)(xU,S]f:;J)) decays rapidly as y — 0. In the proof of Proposition E2]
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we obtained a function v that satisfies N(x, D, )v = —g; on 0K and decays rapidly near
the vertex of K and near infinity. Now we put gr = —N(x, Dx)(xU(kj’f)), denote the

i s
corresponding v by U ﬁkTJ ), and introduce

. ; _ k,j ~r(k,j
v =ty — i 3 (fo wFD (P (UL — U5,
Sp

Clearly, N(z, D;)v, = 0 on 0K and v,, € D(Ag(7)). Moreover,

(4.21) LDy, 7Yon = fr =i 3 (fs wiFD (7)) LD, 1) (U = T,
Sp

The functionals h +— (h, w&k’j)(~, 7)) are continuous on RHg(K; p). Therefore, asn — oo,
the right-hand side of ([@2ZI) tends to

F=i S (FwFD (¢ m))LDy, ¢, 1)U — T8)
Sg

in RHg(K;p)). By Proposition [3.7, we have
[ons DH (K p)|| < ¢ll fn; RHp (K D),

so that the limit v = limw,, exists in DHg(K;p), and hence, in RHg(K;p). It follows
that v € D(Ag(7)) and

Ag(ryo = [ =iy (FwlD () LD., 1) (UL = O,
Sga

If (f,w'? (-, 7))=0 for all A, € S, then f € im Ag(7). O

The modifications needed in the case where n = 2 stem from the fact that the line
S\ = 0 is not free from the spectrum of 2. It is known (see, e.g., [11I, [7]) that this
line contains one eigenvalue \g = 0. Its multiplicity is equal to 2m. A canonical system
of Jordan chains corresponding to Ag is of the form {ap(()o’J ),4,0(()1’] )}2”:1, where go(()O’J ) is

an eigenvector and <p(()l7j ) is an associated eigenvector. There exist solutions w(()l’j )(-, T)
of the homogeneous problem ({I2) that admit representations of the form (HIH) with
VO(}IZJ) on the right in place of V#(ZL]); the principal term of VO(,IQZJ) is 4,081’]) + 4,080’]) log |yl

Let Uéo’j ) denote the formal series satisfying ([@I2) with the principal term <p(()07j ), j=
1,...,l. Lemmal[£4]is still valid, but the terms céO’J)Ué?T’J) with céO’J) =i(f, wél’])(~,?))
for j = 1,...,1 must be added to the sum 3 s, in (ET9). This enables us to describe

imAg(7) for n = 2 as well. Summarizing the results, we arrive at the following two
theorems.

Let {0;} be the sequence of all numbers 1 > 8; > (2 > --- such that the line
S\ = O — 2 4+ n/2 contains an eigenvalue of the pencil 2. It is known that, for n > 3
and § =1, the line A = 8 —24n/2 = (n—2)/2 is free from the spectrum of 2 (see
7, 11]).

Theorem 4.6. Assume thatn > 3. If 51 < 8 < 1, then the equation
(4.22) Ap(T)u= f € RHp(K;p)

has a unique solution u for any f. The estimate

(4.23) ||u; DHg(K;p)|| < el f; RHa(K;p)||

is valid with constant ¢ independent of T = o — vy, where ¢ € R and v > 0.
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If Bys1 < B < By, equation [E22) is solvable if and only if
(4.24) (fo w9 (¢, 7)) =0 for all A, € Sp;

here, as before, Sz denotes the set of all eigenvalues of the pencil A in the strip 8 —2 +
n/2 < Y\ < 1. The solution is unique and satisfies ([EL23).

Recall that the norms ||-; RHg(K;p)| for § < 1/2 and for 1/2 < 8 < 1 are given by
#3) and (EQ), respectively. Moreover, the definitions of DHg(K;p) are different for

n > 3 and for n = 2 (see (A1) and (E2)).

Theorem 4.7. Letn =2. If 81 < 8 < 1, then equation (Z22) has a solution for any f.
If Bg1 < B < By and B > —1/2, then equation [EZD) is solvable only under conditions
#E24), and if B < —1/2, the requirements (f, wél’”(-,g,%)) =0 forj=1,...,1 must be
added to conditions [@24). The solution is unique and satisfies (E23)).

Since D(Ag(7)) C D(A(7)) by Proposition 1] we see that the solutions provided by
Theorems [.6] and [4.7] are strong solutions of problem (2.13]). Thus, the above theorems
describe conditions under which the strong solution belongs to D(Ag(7)).

§5. THE ASYMPTOTICS OF SOLUTIONS

5.1. The asymptotics of solutions of the problem in a cone. The change of
variables

n=px, Ulp7)=1a(p 'n7), Flnr)=p > fp~"'n7)
transforms (28] to

(5.1) {L(Dnae)U(ﬂﬁ) =F(n,7) ifnek,

N(n,Dyp)t(xz,7) =0 it n € 0K,
where 6 = 7/p; we also put § = 7/p.

Let F € RHp(K;1) with 8441 < 8 < 4. Then, as was shown in the proof of
Proposition [£3] the strong solution of (B1]) admits the representation

. N og k.j (kg
(5.2) U=V+id> (FEwED0)0U% (L0) - 08, 0)),
Sp
where V' is the solution of the equation Ag(#)V = F’ with
) N on k.j (kg
(5.3) F'i=F =iy (Fwl)(,0)L(D,,0) UL (-,0) — UL (-, 0));
S/j

here by Y 5, We mean the sum of all terms corresponding to the eigenvalues of 2 in the
strip 8 —2+n/2 < S\ < (n—2)/2. Since

(5.4) ((F, w9 (-, 0))| < cl| F; RE5(K; 1))

we have

(5.5) |F's RE5 (K 1) < ol Fs R (K 1)|

with a constant ¢ independent of 8. Now, Theorems and [£7 yield the estimate
(5.6) Vi DHp(K, 1)|| < c||F;; RHp(K;1)]|.

Obviously,

(5.7) > (FwfB) (0) UL (-, 0); DH (K 1>H < | Fy RHg (K 1))

Sp

Thus, we arrive at the following assertion.
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Theorem 5.1. If 811 < § < 8, and F € RHg(K;1), then the strong solution U of
problem (B.1]) admits the representation

(5.8) U=ixy_ dFDU(,0)+ p(-0),
Sp
where the coefficients

(5.9) dif?) = (F,wit(,0))

are continuous functionals on RHg(K;1), and the remainder p(-,0) satisfies

(5.10) lp(-,0); DH(K;1)|| < ¢l F; RHp (K 1)

with a constant ¢ independent of 6.

5.2. On the problem in the cylinder ) = K x R. Here we formulate the results

concerning the problem in @ and obtained from those on the problem in the cone K with
the help of the inverse Fourier transformation. We restrict ourselves to the case where

n > 3.
The space Hj3(Q) is the completion of the set C>((K \ 0) x R) with respect to the
norm
/2
(511)  Jw HQ)] = ( 3 / / 2P0 D2 o, ) d dt>

lal<s

The norm in H§(Q; q) is given by ([B.2) with @ in place of K. Let V3(Q,~) with v >0
stand for the space with the norm

(5.12) [w; V5 (@Il = l[w?; H(@: )],
where w” (z,t) = exp(—vyt)w(z,t). It can be checked (see [5]) that the norm [lw; W3(Q; )|

is equivalent to each of the following two norms:
(5.13)

1/2 1/2
([ratosmupira) . ([r2ewensms )

where 1 is the Fourier transform of w and W(n,7) = w(p~'n,7) (we mean that the
corresponding constants in the equivalence relations do not depend on v > 0).

Consider problem (1) with f € VY(Q;v), v > 0. Let a(-,7) be a strong solution
of problem (ZB5) with right-hand side f(-,7) = Fy_,f(-,t). The function u defined by
u(z,t) = F71a(x, 7) is called a strong solution of problem (Z.I)). Theorem 2.5 leads to

the following.

Theorem 5.2. For any f € V{(Q;~) with v > 0 there exists a unique strong solution u
of problem (ZII). The estimate

Yl Vo (@s ) < ell £ V2 (@i )l
is valid with constant ¢ independent of v > 0.

We fix a function y € C2°(K) equal to 1 near the vertex of the cone K and introduce
the operator

(Xu)(z,t) = F 2, x(px)Fy_ru(z, t).
We also set
(Au)(z,t) = F- L, pFyou(z,t').

T

For § € R and v > 0, let DV3(Q;y) be the space with the norm
us DVE(Q: )| = (1 X, VE(Q: )II” + 2 [lus Vi (Qs9)17) 2.
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If B <1/2, then the space RV3(Q;7) is endowed with the norm

1/2

£ RVE(Q; I = (1£; VE@iIZ + 12 IA P £, V(Q;9)11%)

For 1/2 < 3 <1 we put

15 RVa(@ DI = (1 VI@I2 + 92 1A° £V (@) %) 2.

Clearly, RV5(Q;7) C V' (Q;)-
Applying Theorem L6l we obtain the following result.

Theorem 5.3. Assume that n > 3 and f € RVp(Q;v). If b1 < 8 < 1, then the strong
solution u of problem (2.1)) belongs to DVs(Q;v). We have

(5.14) l[u; DV (Q; V)|l < el f3 RVB(Q:7)l

with constant c independent of v > 0. In the case where By41 < B < B4, the strong
solution belongs to DV (Q;~) if and only if

(f('vT)’w;(LkJ)('v"__)) =0

or a € Ss and almost all T = o — iy with o € R. Under these conditions, estimate
I\, € S5 and almost all iy with o € R. Under th diti timat
ETId) remains valid.

5.3. The asymptotics of solutions to the problem in a cylinder. To apply Theo-
rem [5.1]to the problem in a cylinder, we must pass to the variables x = n/p. (The further
analysis of the asymptotics is similar to that given in the theory of elliptic boundary-value
problems; see [23] [7]. We discuss only a simple situation.) Suppose that 3,5 ¢ {5,}
and that the interval (', 3) contains an element of the sequence {3, }. Also, assume that
B—3 <1. Let F € RHp (K;1), and let U satisty the equation Ag(8)U = F. We shall
describe the contribution to the asymptotics for U of the eigenvalues A, located in the
strip

B =2+n/2<3IAN<B—-24n/2.

Let S(8’, 3) be the set of all eigenvalues in this strip. Theorem [5.1] shows that

(5.15) Un)=xm) > dFDu )+ V),
ALES(B,B)
where
. LA .
ulF D () = n|™ 41 log [n]) =07 (n/In]),
q=0 "’

and ||V; DHE(K;1)|| < | Fs RHE(K;1)||. Returning to the variables = n/p, we set
u(z) = U(pz), f(x) = p?F(pz) and obtain

=
>
5
\]
~—
£
8
I

f(z), z€K,
N(z, Dg)u(z) =0, xz € 0K\ 0.
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We rewrite (5.1H) in the new variables. We have

tjo—1
> dEul ()
P
tjo—1
= |pa[ Z df ’“Z j(i1og || + ilog p) "4 (w)
Kj,—1
= pitv Z 7])2 zlogp V=09 ()
k=0
Kju—1 ‘ ‘ Kjp—k—1 1 .
= > W@ X SGlegp)dlted )
k=0 q=0

Let ") (p) denote the expression in braces. Then (5.15) takes the form

(5.16) u(@)=xp(2) Y (@) + o(),
Av€S(8'.0)

where x,(z) = x(pz) and v(z) = V(pzx).

Theorem 5.4. Let 3 and 3’ satisfy the conditions listed at the beginning of this subsec-
tion. Suppose f € RV (Q;7) and u is a strong solution of problem (1) in DV3(Q;7).

Then
(517) u(z, 1) = SXellD ) (o, (ull D () + vl 1),
where

40 (0) = FL, (),
Iijyyfkfl

) . 1 )
) =S ilogp) T (),
q=0 ’

and the functions dl(,k+q’j) are given by the formula

(5.18) df+eD () = p2(F(-/p, 7), wlD (7)) ke
and satisfy
(5.19) |9 B2 R)]] < el 5 RV (Qi )l

(The operator X was defined after Theorem [5.21) The asymptotics (5.17) involves the
terms corresponding to the eigenvalues A, in the strip ' < SA+2 —n/2 < 8. The
remainder v in (B.17) satisfies the estimate

(5.20) [v; DV (Qs NI < el f3 RV (Q;9) -

Proof. Relation (5.17) follows from (5.I6). Formulas (5.I8) are deduced from (5.9). To
obtain (B19), we can combine the estimate

|d*D) (7)| < p~2||f(-/p,7); RHg (K; 1),

which is a consequence of (BI8), and the identity

1£: RV (Qs )1 = /Rp’"’wlllf('/pﬁ);RHa'(K; 1)|? do. U
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We explain the role of the operator X in the asymptotic formula (@I7). The rep-

resentations for ¢*) and estimate (BET9) (which is sharp in the sense of smoothness)

show that ¢/ can be highly nonsmooth in time. Therefore, the term e )(t)u,(,k7j )(:c)

included in the asymptotics (5.17) instead of (X&) (z, £)ulf(z), could be less smooth
than the solution wu itself. The operator X smoothes the extension of c,(,k’j ) to the interior
of the cylinder and allows us to avoid the unnatural situation mentioned above. If the
function ¢ is sufficiently smooth, then we can do without X. This will be explained
by the example of the wave equation. Phenomena of such kind are well studied in the
theory of elliptic problems (see, e.g., [23,[7]).

86. EXAMPLE: THE WAVE EQUATION

The above results can be detailed and made more explicit for the wave equation. To
show this, we recall some information about the spectrum of the pencil 2.

Assume that P(D,) = A, is the Laplacian, n = 2, K is an angle in R? of opening
a, N(z,D,) = 0y, and v = (v1, 1) is the unit normal to K. The pencil 2 has simple
eigenvalues Ay = Fk(m/a)i for k =1,2,..., and the eigenvalue A\g = 0 has multiplicity
2. For k > 0, with Ay; we associate the eigenvectors

(6.1) Op(w) = ¢V (W) := (km) "2 cos(krw/a).
With the eigenvalue Ay = 0 we associate the eigenvector ®o(w) = (go’l)(w) = a2 and
the generalized eigenvector ®5; = ((Jl’l) = 0.

Now we assume that n > 2 and consider P(D,) = A, and N(z, D,) = 0,, where v is
the unit normal to 0K x R%. In this case
AN) = {(iIN)2 + (n — 2)iX — 6,0,/ } : H3(Q) — Lo(Q) @ H/2(99),

where § is the Laplacian on S”~! and v/ is the unit normal to 9. The spectrum of the
pencil 2 consists of the normal eigenvalues

N = £{(n=2) F (n =2 +4u) 2}, k=0,1,...,

where {p;} (0= po < 1 < ---) is the sequence of all eigenvalues of the operator {4, 9, }
counted with their multiplicities. With the eigenvalues A1 we associate the eigenvectors

Py = ¢](€0’1) chosen so as to have

(n — 2)2 + 4,uj((I)j, (I)k)Q = 6jk:~

There are no generalized eigenvectors. If n = 3, then the strip 0 < S\ < 1/2 contains
only one eigenvalue 0, and any eigenvector is a constant.

For the wave equation, the formal series (£I3]) and (fI4) converge, and their sums
can be found explicitly (see [8,[9]). In the case where n > 2 we shall omit the superscripts

in (£I3) and (&I4). We have

Up(w,7) = D(1 + vg) 2% (irV'72) " L, (irVT2)ri e @y (w),

Vi(z,7) = (2177 /T () (irVT2) " K (i V T2) =5 By (w)

with v, = (\/(n — 2)%2 4+ 4uk) /2, where the I, and K, are modified Bessel functions of
the first and the third kind, respectively.

For n = 2, there are two additional solutions of the homogeneous problem ([I2);
these correspond to the eigenvalue Ao = 0:

(6.3) U (@,m) = a V2L (irV72), Vi (@, 1) = a V2K (irVT2),

(6.2)
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where « is the opening of the angle K C R?, as before.

Relations (62) and (6.3]) show that the solutlons Vi have power rate of growth near
the vertex of the cone and decay exponentially at infinity. The solutions Uy are of class
H' in a neighborhood of the vertex and grow exponentially at infinity. If n = 2, then
Vo(l’l) is of logarithmic growth near the vertex and decays rapidly at infinity, while U, (0.1)
grows exponentially at infinity and has a finite limit at the vertex. (Clearly, the Vk are
precisely the functions constructed in Proposition 4.2.)

Now we specify Theorems and @7 for the wave equation. We consider L(D,,7) =
—A — 7% and N(z,D,) = 0,. The spaces RHz(K;p) and DHz(K;p) are defined by
(ED), (E2), and E3) (formula ([E3J) is valid for any 8 < 1; for the wave equation, we do
not need to distinguish the case of 1/2 < § < 1). In what follows we denote by Ag(7)
the (closed) operator of problem (ZI3) with domain D(Ag(7)) C DHg(K;p).

Theorem 6.1. Assume thatn > 3. If1 > 3 > 1—(n—2)/2, then for any F € RHz(K;p)
equation (B22A) has a solution. For § € (SAg+1+2—n/2, S\ +2—n/2), equation (E22)
is solvable if and only if (F,V;(-,7)) =0, j =0,1,...,k. The solution U is unique and
satisfies (E23).
Theorem 6.2. Assume thatn = 2. If1 > 8 > max{0,1 — w/a}, then for any F €
RHg(K;p) equation @22) has a solution. For the other (3, equation [@22) is solvable if
the following conditions are fulfilled.
For a >
(1) ﬁ € (Oal —7T/Oé> and (FaVI('vi— ) =
(ii) € (1 —2n/a,0] and (F,Vp1(-,7)) =0, (F,Vi(-, 7)) = 0;
(iii) ﬁ € (1- (k + )r/a,1 — kn/a) and F is orthogonal to Vo1, Vi,..., Vi, where
=2,3,.
For a <m:
(i) e (1 —n/a,0] and (F,Vp1(-,7)) = 0;
(i) 0 e 1 —(k+1)7m/a,1 — kn/a) and F is orthogonal to Vo1, Va,..., Vi, where
k=1,2,....
The solution U is unique and satisfies (Z23).
We turn to Theorem 5.4. We shall present full asymptotic expansions for the strong
solutions. Moreover, we shall show how to get rid of the operator X occurring in (513).
We deal with the mixed Cauchy—Neumann problem in a semicylinder and restrict our-

selves to the case where d =0, n > 3.
For an open cone K in R}, we consider the problem

(8152 - Afﬂ)u(x’t) =0, (1’,t) € K x (Oa +OO),
(6.4) A ul0K x (0,4+00) =0,
u(z,0) = ¢(x), u(z,0)=(x),

where ¢, 1) € C§°(K).
In order to obtain explicit formulas for the coefficients in the asymptotic expansions

0;

of solutions, we calculate the inverse Fourier transform Wy (x,t) = F. 1, Vi(x, 7).
It is known (see, e.g., [24]) that
+oo
2T (24 1/2)(0/0)  Ka(tp) = [ expl-pt)P(e)

with R > —1/4, where

P(t) = 0 if t <0,
722 -0 E DR E (- v v, 20+ 1/2,1 — £2/b%) if t > b,
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and F' is the hypergeometric function. Assume that b = r, p = i7, m is a positive integer,
w=[v]—v+m,and N = [v] +m; we put v = v, = (\/(n —2)% + 4p1)/2. Then

T

(ir)V K, (irT) = r”_N(iT)N< .

)_MK,,(’L'TT)

27K N
= —-— v— f_>7_
T(p+1/2) 7" (

d

N
E) TN(’I"7Z‘,',/J7V)7

where
TN(Tatvuay)
(6.5) _Jo ift <,
AR =)@ D2E (= ) /2, (n+v) /2, 1/2,1 — 2 )r2) if t >

and the Fourier transformation and differentiation are understood in the sense of distri-
butions. Thus, we have

d N
(6.6) Wk(x, t) = (dt) 'PN)k(f, t)
with
217N )
(6.7) Py, t) = PV TEEAR O (W) TN (1t 1, v),

D)T(u+ 1/2)

where r = |z|; in fact, the right-hand side of (G.6]) is independent of the choice of m
(recall that N = [v] +m).
In what follows we shall also need the expression

_ -~ > (irT)?m
(6.8) Ur(z,7) = T(1 + v)r' M Op (w) TnZ:O 22mmID(m + v + 1)

for the series Ug(x,7), which can easily be obtained from the well-known expansion for
the Bessel function.

Let {0k} be the sequence of all numbers 1 > $; > (2 > --- such that every line
S\ = Br — 2+ n/2 contains an eigenvalue of the pencil 2.

Theorem 6.3. Suppose € (Bet1,0k), v > 0, vj = (\/(n—2)%2 +4p;)/2, and N; =
[vj] + m, where m is an integer, m > 4. To be specific, we assume that N is even,
Nj = 2lj Set

(6.9) &(t) = /K APy, () dy + /K AL ()0 P, 5 (9, 8) dy

with Py i given by (61). Then for the strong solution w of problem (6.4) we have

L;

610 o) =x() S+ 1] 3 gt TR ),

2man | .
5, 22mmIl(m +v; + 1)

m=0

where x is a cut-off function equal to 1 near the origin, the L; are sufficiently large
integers, and ng means the sum of all terms corresponding to the eigenvalues of A in

the strip . —2+n/2 < SA < (n—2)/2. The remainder p satisfies the estimate
llp; DV (K x R, y)[| < e(7)-
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Proof. Suppose w has the following properties:

1) w e C§° (K x R);

2) w(z,0) = ¢(x), wi(z,0) = P(z);

3) ((0? — Ap)w)y = 0.(07 — Ay)w € C° (K x R), where 0 is the indicator of the set
{t:t >0}

Such a function w can be constructed if we observe that conditions 2) and 3) are
equivalent to the relations

" w(z,0) = A, 07"w(z,0) = Al¢, n=0,1,2,...,
and use Borel’s theorem (see, e.g., [25] Theorem 1.2.6]). The difference v = u—w satisfies
(0?2 — Ay)v = —(0? — A,)w on K x (0, +0c0),
(6.11) Oyv =0 on 0K x (0,400),
V|t=o =0, vj|t=0 = 0.

It can be shown that for ¢ > 0 the solution of (G.IT) coincides with that of the following
problem in the cylinder K x R:

(6.12) (07 — Ay)v = —((0F — Ay)w)+ on K x R,
. 8VU:00118K><R:0.

Since w vanishes for small |z|, the functions u and v coincide near the vertex of K. We
put g = —(0? — A)w and g, = 6, g. Theorem 54l implies that

(6.13) vz, t) = Y rNUL (1, w) (X6 (@, ) + B, 1),
jeg
where
&(t) = Frle(@x (1), Vi (7)) o (56,
the operator X is defined after Theorem [5-2, and 7Y Z/{]-L 7(roy,w) is the L;th partial sum

of the series (68) with d; and j in place of i and k. The remainder h satisfies (5.20)
with f replaced by g..
Now we verify (6.9). We have

+oo
éj(t)Z/Kdy/_ 9+(y, s)W;(y,t — s) ds.

Using (6.7) and integrating by parts twice, we obtain
(6.14)

+oo
&(t) = (~1)M / dy / N5 g(y, 5)Pw, 5yt — 5) ds
K 0
“+o0
(M ( [ v [T 0¥t 8Py (0.t ) ds
K 0
[ {0 0, 0)P, s 0st) + 000,000 P 5 0:)
K

+o00
—/ ONiw(y, s)@fPNj,j(y,t —3) ds})
0

Since the integrals over K x R, cancel, we have

(6.15) &(t) = (-1)% ( /K 8 w(y, 0)Py, 5 (y, t) dy+ /K 0,7 w(y, 0)0 Py, ;(y,t) dy).

Recalling that N; = 21;, we arrive at (G.9)).
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It remains to show how to eliminate the operator X from (6.I3). We have
(6.16) (X&) (@, 1) — x(r)é;(t) = / exp(itT) (x(I7]r) = x(r))e;(7) dr
ST=—7v

with

Cj(T) = (ﬁ(a 7—)’ ‘/'](7 77_))L2(K)'
Since g4+ € C§°(K x R), we can use the expression for V; and the asymptotics of the
Bessel function to obtain

(6.17) ‘ (%) ij(T)

From (6.16) and (6.17) it follows that the difference

R, t) = > rNUP (1, w) (XE(x,1) — x(r) D r™N Uy (rdy,w) e (t)

jeJ JjeJ

<c(v,k,N)r|™N, kN >0.

belongs to V3 (K x R;v) for any s € Ny and any 8’ € R. In particular, the norm
|#; DV3(K x R,~)|| is finite. Setting p(z,t) = w(x,t) + h(x,t), we obtain the desired
result. d

§7. A BOUNDED DOMAIN WITH A CONICAL POINT

Let G be a bounded domain in R™ with boundary G that is smooth outside a point
O. We assume that O is the origin and that in a neighborhood of O the domain G
coincides with an open cone K that cuts out a domain  from the sphere S”~!; next, it
is assumed that 2 has smooth boundary. We consider the problem

LD, Du(w,t) = f(z,8), (2,8) € G xR,
N(z, Dg)u(z,t) =0, (z,t) € G x R,

where the operators L(D,, D;) = P(D,) — D? and N(z, D,) are the same as in (Z1).

(7.1)

Proposition 7.1. Suppose v € C*(G), N(z,D;)v = 0 on G = 0, and the operator
P(D,) satisfies condition a) in 2.1. Then

(7.2) )2 /G (rPlo(@) + [Vo(a)?) d < c /G \L(Da o — i) da

with constant c independent of T = o — iy, where 0 € R and v > 0.
If P(D,) is the Lamé operator (and n = 2,3), then estimate (T2) remains valid for
v > o with sufficiently large o, and the constant ¢ depends only on q.

Proof. Suppose that u € S(R;ﬁl) and N(z,D;)u = 0 on dG x R. As in the proof of

Proposition 2.1, we obtain the inequality

(73) Hut('at);Tnz + (P(Dfﬂ)u('at)vu('vt))T - 23%/’1“/7 <f’ ut> dx dt,
where f(z,t) = (02 + P(D,))u(z,t). If the operator P(D,) satisfies condition a), then
(7.4) (P(Dz)u(, 1), ul)r = alu(-, 1), u( ) > el Vs T,

and we can proceed as in the proof of Proposition 2.1. For the Lamé operator, estimate
([Z4) fails. We use the Korn inequality

(7.5) (P(Dy)u,u)r = a(u,u) > c|Vu; T||* — ¢y |Ju; T||*.
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By (H) and ([Z3]), we have

+oo .
3 [y [ dolio =A@ + 900 = alm)P)

+oo R
<c [ dy [ dolbio —imPILD, G0~ i)lo(w)P
T —00
for any 1 € exp(—vt)S(R) N S(R). This implies (T2) for sufficiently large ~. O
We introduce the operator u +— L(D,,7)u on Ls(G) with domain
{ue C®(G\O)NH(G): N(x,D,)u|0G = 0, L(D,, T)u € La(G)}.

The closure of this operator will be denoted by A(7). A solution of the equation A(7)u =
f € La(GQ) will be called a strong solution of the problem

L(Dg,mu(z)=f, x€G,
N(z,D;)u(z) =0, z€dqG.
As in Subsection [Z4] we obtain the following result.

(7.6)

Theorem 7.2. Suppose the operator P(D,) satisfies condition a) in 2.1. For any f €
Lo(G) and any T = 0 — iy with o0 € R and v > 0, there exists a unique strong solution u
of problem (CH). We have

V(7P L2(G)|? + Vs La(G)IP) < ell £ L2(G) 1

with constant c independent of o and .
If P(D,) is the Lamé operator, then the same is true provided v > o > 0 with
sufficiently large .

We introduce the spaces DHg(G; |7|) and RHg(G; |7]) endowed with the norms (@)
(E3), where K is replaced by G and p = |7|. As before, for the wave equation we define
the space RH3(G;|7|) by @3) with 8 < 1.

Proposition 7.3. Suppose that 3 < 1, the line S\ = 3—2+n/2 contains no eigenvalues
of the pencil A, and v > ~o with large o > 0. Then for any function u € C°(G \ O)
such that N(z, Dy)u|0G = 0 we have the estimate

(7.7) lu; DHg(G; |])|| < ¢l L(Dq, T)u; RHp(G; |7
with constant ¢ independent of o and .

Proof. We outline the proof for the wave equation. (In the general case, the argument
given below fails, because u with a cut-off function ¥ does not satisfy the boundary
condition N(z, D,)(¥u)|0G = 0, so that we cannot apply inequality (B26) directly. To
obtain the required estimate, one must argue as in the proof of Proposition B11.)

For instance, assume that n > 2 and v is a cut-off function equal to 1 near the point
O and supported in the neighborhood of O where G coincides with K. Also, we assume
that ¢ depends only on |z|. We have

L(Dy,7)(Yu) = YL(Dyy T)u+ [L(Dygy 7),Ylu, z € G,

(78) 8, (Yu) = 0, x € 0G.
By (3.24),
N

< ¢ ([ L(Dq, T)u; RHp(K; [T))|| + [[[L(Da, 7), Y]u; RHp (K [7])]]) -
The definition of the norm on RHg(K;|7|) implies that
(L, whus RHg (K )| < e(l[L, )us HR(E)| + |71~y ML ¢lus La(K)])).
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Estimate (Z.2) yields
1L, ¢us Lo (K| < |lo; Ho (G5 7)) < |IL(Da, 7)us La(G) 5
moreover, ||[L,|u; HY(K)|| < c|lu; Hy(G;|7])||. This leads to the inequality
lw; DHp(G; [l < e(llu; H3(G3 [TD | + |1 L(Da, 7)us RHp (G5 |7])])-
We use ([Z.2) once again to obtain
(7.10) 11 = 9)us DHp(Gs |7 < ellus Hy (G |7)I| < el Lus RHp (G |7
Adding up ([Z9) and ([ZI0), we arrive at (Z7) with sufficiently large ~. O

The method used in §§4] and Bl can easily be adapted to problem (7.G)). In particular,

the role of functions w;(ﬁ’j ) constructed in Proposition 22 can be played by the functions

Wﬁk’j ) that are solutions of the homogeneous problem (76) with asymptotics V;Z&j ) (z,7)

near O. The construction of Wlsk’j ) is essentially the same as that of wl(tk’j ),
Let 4(-,7) be a strong solution of problem ([Z8) with the right-hand side f(-,7) =
Fi .. f(-,t). The function (x,t) — u(z,t) = F_*,a(x,7) is called a strong solution of

T—t

problem (IZT]). The spaces RV3(Q;~) and DVs(Q;~) in the cylinder G xR are introduced
as in Subsection B2, with the replacement of K by G in all intermediate formulas. The
following analog of Theorem E4lis true.

Theorem 7.4. Let v > ~yy with sufficiently large vy, and let 5 and B’ be the same as
in Theorem 54. If f € RV3(Q;7), and u € DV3(Q;7) is a strong solution to problem

(D), then
(7.11) u(w,t) =Y (X)) (@, )ulD (z) + v(z, 1),

where
4 (1) = Pt ) (),
ery_k_l

, . 1 ,
D)=l Y a e [T)2dgi e (7),
q=0 '

and the functions df,kJrq’j) are given by the formula
(7.12) df oD (r) = |7 (Il 7), WD (7))
and satisfy
(7.13) 4S5 H= /227 R)|| < el f; RV (Q3 )]
The operator X is defined by the relation

(Xw)(@,1) = F x([7)2) For(t).

The asymptotics [T11) consists of the terms corresponding to the eigenvalues X\, in
the strip ' < SA+2 —n/2 < 3. The remainder v in (.11 satisfies the estimate

[[0; DV (@3 1)l < el fs RV (Q; ) -

The role played by the operator X in the asymptotics (ZIl) was explained after the
proof of Theorem [5.4]
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