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On G-Function of Frobenius Manifolds
Related to Hurwitz Spaces

A. Kokotov and D. Korotkin

1 Introduction

We deal with the class of Frobenius manifolds related to Hurwitz spaces of moduli of
meromorphic functions on Riemann surfaces (see [3]).

The key observation in the present paper is the identification of the isomono-
dromic tau-function (see [3, 4, 5, 6]) of this class of Frobenius manifolds with (—1/2)-
power of the Bergmann tau-function which was introduced in [10] in a rather different
context. We show that the quadratic Hamiltonian from [3] coincides (up to a constant)
with the value of the Bergmann projective connection calculated in the natural local
parameter at the critical point of the meromorphic function. This simple observation
enables us to apply the results of [10] and explicitly calculate the isomonodromic tau-
functions of Frobenius manifolds related to the Hurwitz spaces of moduli of meromor-
phic functions on surfaces of genus 0 and 1. This immediately leads to general formulas
for the G-function (see [5, 6]) of the above Frobenius manifolds. We recall that the G-
function of a Frobenius manifold provides a solution of the so-called Getzler equation
(see [6, 8]). For some classes of Frobenius manifolds, it plays the role of a generating
function of Gromov-Witten invariants of algebraic varieties (see [5]). In the general case,
it gives the genus one free energy of Dijkgraaf and Witten and describes first-order de-
formations of dispersionless integrable systems.

As a consequence of our general result, we prove the following formula for the
G-function of the Frobenius manifold C x CN~" x {Jz > 0}/J(An_1) which was recently

Received 31 March 2003. Revision received 19 August 2003.
Communicated by Percy Deift.

220z Ke|\ L0 uo sasn Ateiqi Jeiuep AqQ LEy1L99/S¥€/L/7002/a101E/UiWI/Wo0 dno"ojwapeoe//:sdiy wolj papeojumoq
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conjectured by Strachan [14]:

N+1
G:—lnﬂ(to)— o N (1.1)

Moreover, using the results of [10], we get the expression for the modulus square of the
isomonodromic tau-function (and, hence, for the real part of the G-function) in case of

Hurwitz spaces in higher genus.

2 Preliminaries

In this section, we briefly outline some basic facts and definitions from the theory of
Frobenius manifolds (see [1, 2, 3,4, 5,6, 11, 12]).

2.1 Hurwitz spaces and Frobenius manifolds

Here we mainly follow [3, Lecture 5], departing somewhat from Dubrovin's original no-
tation. Let Hg n (K1, ..., ki) be the Hurwitz space of equivalence classes [p : L — P'] of

N-fold branched coverings
p:L— P (2.1)

where L is a compact Riemann surface of genus g and the holomorphic map p of degree

N is subject to the following conditions:

(i) it has M simple ramification points Py,...,Pm € L with distinct finite images
Ay ooy AM E(CC]PH;
(ii) the preimage p~'(co) consists of L points: p~'(c0) = {oo7,. .., 001}, and the ram-

ification index of the map p at the point oo;j is k; (1 < k; < N).

(The ramification index at a point is equal to the number of sheets of the covering
which are glued at this point. A point co; is a ramification point if and only if k; > 1. A
ramification point is simple if the corresponding ramification index equals 2.)

Notice that k; + -+ ki = Nand M = 2g + 1 + N — 2. (The last equality is a
consequence of the Riemann-Hurwitz formula.) Two branched coverings p; : L1 — P!
and p, : L, — P! are called equivalent if there exists a biholomorphic map f : £; — £,
such that p,f = p;.

The Hurwitz spaces Hg n(k1,...,k{) can also be described as spaces of mero-
morphic functions of degree N on Riemann surfaces of genus g with 1 poles of orders

k1,...,k, and simple critical values.
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For example, the space Ho n(N) has an equivalent description as the space of

polynomials L = P! 3z A(z) € P,

N-2 N-3

A(z) = 2N+ az + aszz + -+ an, (2.2)

whereas the space Hyp n(k, N—k) (1 < k < N—1) can be described as the space of “trigono-
z) € P!,

metric polynomials” £ = P! 3 z 5 A(

b
)\(Z) :Zk+blzk71 +'..+7lejk’ bN ;éo (23)

We assume that the critical values of A(z) in (2.2) and (2.3) are simple (i.e., the derivative
A'(z) has only simple roots and A(zi) # A(z;) for distinct roots z; and z, of A’(z)).
We also introduce the covering lflg)N (k1,...,k) of the space Hg n(k1,...,k)

consisting of pairs

([p:£— P eHon (ki k), {awba}s ), (2.4)

where {aq, by})_; is a canonical basis of cycles on the Riemann surface L.

Obviously, for g = 0, the spaces Ho n(k1, ..., k) and ﬁo,N (k1,...,ki) coincide.

The spaces Hg n(k1, ..., ki) and l/:lg,N (k1,...,k) are connected complex manifolds
of dimension M = 2g + 1+ N — 2 and the local coordinates on these manifolds are given
by the finite critical values of the map p (or, equivalently, the finite branch points of the
covering (2.1)) A1,...,Am.

In [3], the notion of the so-called “primary” differentials on the Riemann surfaces
L was introduced; each primary differential ¢ defines a structure of Frobenius manifold
Mg on ﬁg)N (k1,...,k1). We will not reproduce here the complete list of primary differen-
tials (see [3]). We only notice that in the case g > 1, the normalized (faa wp = dyp) holo-
morphic differentials wg on Riemann surfaces L are primary differentials. The (mero-
morphic) differentials dz and dz/z on the Riemann sphere L are primary differentials in
cases of the spaces Hp n(N) and Ho n(k, N — k), respectively.

The structure of Frobenius manifold M on lflg,N (k1,...,k1)is defined by the mul-
tiplication law in the tangent bundle: 95, o 0x, = &mnOax,,, the unity e = Z:L] OAs
the Euler field E = Zﬁf;] AmOx,,, and the one-form Q4. = Zm:]{Respm(dﬂ/d)\)} dAm,
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346 A. Kokotov and D. Korotkin

where A is the coordinate on the L lifted from the base P'. The invariant metric n(v,w) =
Qg2 (v o w) on the Frobenius manifold turns out to be flat and potential (i.e., Egoroff-
Darboux metric). In the coordinates A1, ...,Am (which are called canonical), this metric

is diagonal:

M ) (bz
n= Z nmm(dj\m) ,  Mmm = Resp (a) (2.5)
m=1
and its rotation coefficients yin = 9, vNmm//nn (Where m # n) have the following
properties. First, they are independent of the choice of a primary differential ¢. Second,

they satisfy the equations

OA, Ymn = YmkYkn, fordistinctk,n,m, (2.6)

M
e('Ymn) = Z a?\k'Ymn = Oa (2-7)
k=1

which provide the flatness of metric (2.5). Finally, the action of the Euler vector field on

Ymn has the form

M

E(Ymn) = Z )\ka}\kymn = "Ymn. (2'8)
k=1

The following three examples of Frobenius manifolds related to Hurwitz spaces
are of special interest since they also arise in the theory of Coxeter, extended affine Weyl,
and Jacobi groups, respectively (see [1, 2, 3, 4]).

(i) Mo.n. The underlying Hurwitz space here is the space Ho n(N). In this case

g = 0,1 =1, and the primary differential defining the structure of Frobe-
nius manifold is dz.

(ii) Mo.k,n—k. The underlying Hurwitz space is Hon(k,N — k), g = 0,1 = 2
1 < k < N —1, and the Frobenius structure is defined by the primary
differential dz/z.

(iii) M, N- The underlying space here is the covering H; N(N),g=1,1=1, and the
primary differential on the elliptic surface £ is the normalized ([ w = 1)
holomorphic differential w.

Due to [4], the first N — 1 flat coordinates of the metric n in case of the Frobenius

manifold Mo, n_« of dimension M = N are given by
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ty = (=1 K Res [A(z)] H/kdlnz, 1<pu<k-—1,

P]L\]Z:i (2.9)
o= (1) Res (DM@ M ¥dinz, T<p<N-k
The last flat coordinate ty is defined by the equation
by = (—1)Nexp [(N — k)tn]. (2.10)

To write down the flat coordinates on the Frobenius manifold M N (of dimension
N+ 1), set z(P) = f:o] w, where ooy is the point on £ such that p(co1) = oo and A(z(P)) =
p(P). Then the flat coordinates to, ..., tn are given by (see [1, 2]) to = [, w = 0, where o is
the modulus of the elliptic curve £, t; = [_A(z(P))dz(P), and

t, =Resz[\z)] " "NaA(z), wn=2,...,N. (2.11)

z=0

2.2 Isomonodromic tau-function and G-function of Frobenius manifold

Let M, be the Frobenius manifold with an underlying Hurwitz space ﬁg‘N (k1,...,k) and
whose Frobenius structure is given by a primary differential ¢. Set T’ = ||[Ymn|m,n=1,... M
(the diagonal elements of the matrix I' are not defined), U = diag(A,...,Am), and V =
[l U]. Here ymn are the rotation coefficients of the metric (2.5), and Aq,...,Am are the
canonical coordinates on Mg,. The matrix V is well defined since the diagonal elements
of I' do not enter the commutator [ U].

The isomonodromic tau-function 1y of the Frobenius manifold M, is defined by

the system of (compatible) equations

0ln Ty

—— =H =1,....M 2.12
a)\m my m ) ) ) ( )

where the Hamiltonians H,,, are defined by

1 vz
Ho=5 ) —nm o =1,..., M. (2.13)
2 m )\T'L
n#m;1<n<m
Letty,...,tm betheflat coordinates on the Frobenius manifold My,. The Jacobian

] = det||0A /0ty || can be expressed in terms of metric coefficients 1., as follows:

1/2

M 1/2 M 2
J = <n11__[1nmm> = (E Resp ﬁ) . (2.14)
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The G-function of the Frobenius manifold M, is defined as:

G=In <]f/%> (2.15)

3 Isomonodromic tau-function of Frobenius manifold

and Bergmann tau-function on Hurwitz space
3.1 Rotation coefficients of the flat metric n and the Bergmann kernel

First, we recall the definition of the Bergmann kernel. In the case g > 0, the Bergmann
kernel on the Torelli marked Riemann surface L is defined by B(P,Q) = dpdg InE(P,Q),
where E(P, Q) is the prime form on L (see [7]). At the diagonal P = Q, the Bergmann kernel

is singular:

where

H(x(P), X(Q)) = 385 (x(P)) + () (32)

as P — Q. Here x(P) is a local coordinate of a point P € £ and Sg is the Bergmann projec-
tive connection (see, e.g., [7, 15]).

If g =0andz: L — P'is a biholomorphic map, then the Bergmann kernel is
defined by

(3.3)

(In particular, Sg(z) = 0 in the local parameter z.)
Near a simple ramification point P,, € L of covering (2.1), we introduce the local

parameter
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G-Function of Frobenius Manifolds Related to Hurwitz Spaces 349

Let U(Py,) and U(P;,) be small neighborhoods of ramification points P,, and Py,
respectively. For (P, Q) € U(Py) x U(Py,), we set

B(Xm(P)» Xn(Q))

bmn(P,Q) = dxm (P) dxn(Q) (3.5)
Lemma 3.1 (cf. [9]). The rotation coefficients Y, of the metric
M
n= mZ:] Resp,, <%2\) (d)\m)2 (3.6)
are related to by,n (P, Q) as follows:
1
Ymnzzbmn(Pm,Pn), mn=1,...,M, m#n. (37D)

Proof. For g > 1, the proof is in [9]. In brief, it goes as follows. Since the rotation coeffi-
cients are independent of the choice of a primary differential ¢, it is sufficient to verify
(3.7) only in the case ¢ = w;, where w; is the holomorphic differential on £ such that

fa“ w1 = d1«. For such a primary differential, we have

2
_ wi 1 wi(xm(P))
NMmm = Resp,, = [ de(P)

2
. (3.8)
a2 ,,PJ

Now, (3.7) follows from the definition of rotation coefficients and the Rauch formula:

] _ %bmn (Pun, Pn) [“”(X“(P)) ] (3.9)
P—P.. P—P,

dxn (P)
Consider the case g = 0. Let z : L — P! be a biholomorphic map such that z(co;) = co.

kN [un (xm (P))
OAn | dxm(P)

Then ¢ = dzis a primary differential in the sense of Dubrovin. For this primary differen-
tial,

_ [Z/(Xm)dxm}z _ 1 /
Trmm = stle:so 2%mdxm E{Z (xm)

szo}z. (3.10)

We prove an analog of Rauch's variational formula for the meromorphic differen-

tial dz. Setting o, = 2’ (% )|x,,, —0, We get
0 0 dA
— - VA .
on, 4z} = 5 {(o‘m +0( “))2\/7>\—7\m]

6mn“m
— 1 -
( 2, + O( )) dx

(3.11)
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as x;,m — 0. Thus, the meromorphic differential (9/0A,,)dz has the only pole at P,, and,

therefore,

d 1 B (P, xn)z'(xn)
m{dz(P)} =3 [—dxn

], (3.12)
Xn=0

On the other hand, as P — P, for m # n, we have

0 0

(3.13)
00tm
- (m + O(xm)> dxp.
Thus, due to (3.12), we get the following analog of the Rauch formula (3.9):
0
——dz(xm)
O00tm oA m 1
— n = 7b n P yP11 n- ‘14
An X Lz (P, Pr)ox (3.14)

Now, (3.7) follows from (3.10), (3.14), and the definition of rotation coefficients.
|

Remark 3.2. Lemma 3.1 clarifies properties (2.6), (2.7), and (2.8) of the rotation coeffi-
cients. Namely, property (2.6) is nothing but the Rauch variational formula for the
Bergmann kernel, and (2.7) and (2.8) follow from the invariance of the Bergmann ker-
nel under the translations A — A + e and (respectively) the dilatations A — (1 + §)A of

every sheet of the covering (2.1).

3.2 The Bergmann tau-function

Introduce the quantities

1

‘Bm = —ﬁSB (Xm)

, m=1....M, (3.15)
Xm =0
where Sg is the Bergmann projective connection from (3.2), x,, is, as usual, the local
parameter (3.4) near the ramification point P,,. In [10], we introduced the so-called
Bergmann tau-function 1 on the Hurwitz space IC{Q,N which is defined by the system

of equations

Olntp

— =3 =1,...,M. .1
a)\m my m ) ) (3 6)
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The local solvability of system (3.16) can be obtained, in particular, from the

symmetry of the Bergmann kernel and the first statement of the following lemma.

Lemma 3.3. The quantities B,, satisfy the following equations:

a)\an = _%b%ino)m»Pn)) m#“) (3.17)
M

e(Bm) =) . Bm =0, (3.18)
n=1
M

E(Bm) =) Andr,Bm =—Bm. (3.19)

n=1 O

Proof. Since the singular part of the Bergmann kernel in a neighborhood of the ramifica-

tion point P, is independent of {A,, }, we have

1

6;\”3 = {a}\nbmm(P)Q)}’

m=—3 (3.20)

P—Q=P.

Computing the right-hand side of (3.20) via the Rauch formula for the Bergmann kernel

02, 0k(P, Q) = 3D (P, Prn) bk (P Q) (3.21)

we get (3.17).
Under the translation A — A+e€ and the dilatation A — (1+3)A of each sheet of cov-
ering (2.1) (both transformations generate conformal isomorphisms of £), the Bergmann

kernel remains invariant:

B€(P,Q%) =B°(P*,Q°) =B(P, Q). (3.22)

We have the following transformation rules for the local parameter x,,, and the critical

values A,:

X6 (PE) =xm(P), x5, (P%) = (148)"2xm(P),

(3.23)
A =Amte, A =(1+8)An.
Therefore, the function H from (3.1) transforms as follows:
HE (x5 (P9), x5 (Q€)) = H(xm (P), xm(Q)), (3.24)
HE (x5, (P®), x5, (Q%)) = - H (xm (P), xmn (Q)). (3.25)
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Differentiating (3.24) and (3.25) with respect to € and 9, respectively, we get

dHe OHe
- —0 3.26
de OAE ' (3.26)
n
dH® oH® 1
A5 =2 "aAl T ( +5)2H‘ (3:27)

Setting € = 0 and 6 = 0, and then P = Q in (3.26) and (3.27), we get (3.18) and (3.19). W

3.3 The relation between tg and T
The following simple observation provides a basis of this work.
Proposition 3.4. The Bergmann tau-function tg from [10] and the isomonodromic tau-

function t1 are related as follows:

= (ts) 2 (3.28)
O

Proof. Let H,, be the quadratic Hamiltonians from (2.13). Due to Lemmas 3.1 and 3.3, we

have
e — 1 V2 1 Z A A
m 2 Am_?\n z Ymn( m TL)
n# n#m
1 1
=3 D bhn (P, Pr) (Am = An) = -3 > (Am—An), B
n#m n#m
] (3.29)
=3 ()\m > 0 Bm— ) Ana;\an>
n#m n#m
1 & 1
= 2 Z )\nahngm = _EBma
n=1
which proves (3.28). [ |

3.4 The Bergmann tau-function for coverings with arbitrary

branching over the point at infinity

n [10], the Bergmann tau-function tg was explicitly calculated in cases of Hurwitz
spaces Ho n(1,...,1) and Hy ~(1,...,1). Inhigher genera (i.e., for the spaces ﬂgyN (1,...,1)

with g > 2) in [10], expressions for the modulus square |tg|> were found. (It should be
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noted that in [10] the general situation of Hurwitz spaces of coverings with higher mul-
tiplicities of the finite branch points was investigated. This general case corresponds to
nonsemisimple Frobenius manifolds which are not considered here.)

A slight modification of the proofs from [10] leads to the explicit formulas of
the Bergmann tau-function of the Hurwitz spaces Ho n(k1,...,k) and lflLN(k] oo k)
of coverings with the branching of type (ki,..., k) over the point at infinity. (Coverings
from Hg n(1,...,1) considered in [10] have no branching over the point at infinity.)

First, consider the case g = 0. Let [p : L — P'] € Hon(k1,...,ki). Letalsoz: L —
P! be a biholomorphic map such that z(co7) = co and

1/%1

z(P) = [A(P)] +0(1), (3.30)

as P — ooy, where A(P) = p(P).

Introduce the local parameter (s near the point cog with s > 2:
Ls(P) =A"1/k(P). (3.31)

The map z near the point cos (s > 2) is a holomorphic function of (5. Near the simple
ramification point P, the map z is a holomorphic function of the local parameter x,,
from (3.4). The next statement is a modification of [10, Theorem 6]. Its proof is essentially

the same.

Proposition 3.5. The Bergmann tau-function on the Hurwitz space Ho n(k1,...,k) is

given by the following expression:

1/12
ﬁ ( dZ, >k5+1
o \dGsle=o (3.32)
B = . .
ﬁ dz
o dxm Ixm=0 .
Nowletg=Tland[p: L — P'] € PA{LN(k] ,..., k1), where L is an elliptic Riemann

surface. Let w be a holomorphic (not necessarily normalized) differential on L. Introduce

the notation

. w(CS(P)) -
hg = dCS(P) _— ) S_])' )1’
° (3.33)
f _w(xm(P)) m=1,....M
m de(P) P_Pm) ) )
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Let o0 be the modulus of the elliptic surface £. Define the Dedekind eta-function by

1/3
n(o) = diz@ (z,0) . (3.34)

N =N =

The next statement is a modification of [10, Theorem 5].

Proposition 3.6. The Bergmann tau-function on the Hurwitz space }fh,N(k] ..., k) is
given by
L 1/12
Hh15<5+1
5 =1t . (3.35)
I1fn
m=1 0

Due to Riemann-Hurwitz formula the right-hand side of (3.35) is independent of

normalization of the holomorphic differential w.

Remark 3.7. The way to obtain (3.32) and (3.35) was somehow indirect in [10]. Namely,
these formulas were deduced from the study of the appropriately regularized Dirichlet
integral S = (1/27) [, |pal?, where e®|dA|? is the flat metric on £ obtained by projecting
down the standard metric |dz|> on the universal covering L. The derivatives of S with
respect to the branch points can be expressed through the values of the Schwarzian con-
nection at the branch points; this reveals a close link between S and the modulus of the
Bergmann tau-function. On the other hand, the integral S admits an explicit calculation
via the asymptotics of the flat metric near the branch points and the infinities of the
sheets of the covering. Moreover, it admits a “holomorphic factorization,” that is, it can
be explicitly represented as the modulus square of some holomorphic function, which
allows one to compute the Bergmann tau-function itself.

To prove relations (3.32) and (3.35) directly (i.e., without any use of Dirichlet in-

tegrals) remains an open problem.

4 G-function of Frobenius manifolds related to Hurwitz spaces

in genera 0 and 1
4.1 The general formulas for the G-function

The following two theorems are immediate consequences of Propositions 3.4, 3.5, and
3.6.
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Theorem 4.1. The G-function of the Frobenius manifold with an underlying Hurwitz
space Ho n(K1, ..., ki) and whose Frobenius structure is given by a primary differential

¢ can be expressed as follows:

(4.1)

O

Theorem 4.2. The G-function of the Frobenius manifold with an underlying Hurwitz
space H; ~N(Kk1,...,k) and whose Frobenius structure is given by a primary differential

¢ can be expressed as follows:

M
[]n

1 1

- m=
G = In ; v 73
hKs T R
[T ( e )

% —1Inn(o). (4.2)

4.2 Examples

4.2.1 The Frobenius manifold Mo.n. This manifold is isomorphic to the orbit space
CN=1/An_1 of the Coxeter group Ay 1 (see [3]).
In this case, | = 1 and the first factor at the denominator of (4.1) is absent. As a

map z, we can take one given by (2.2), so

M 1/48 M 2 1/48
¢2) [z (em)] " dxm
< 1_[1 ReSPm a) = <m Res T

and, therefore, G = const.

4.2.2 The Frobenius manifold Mo n—k. According to [4], this manifold is isomorphic

to the orbit space of the extended affine Weyl group W*(An_1).
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In this case, | = 2 and z is given by (2.3). Using the equality {; = A~ "/(N-%) we get

@ _1a
di;  ALd@

N-—k+1
_ ! z
- by +0(2) (Cz)

1 (N—k+1)/(N—k)
=—————1|b
b+ 0) [bn + O(2)]

asz — 0and

dz

az . b1/(N—k)
dé, N

¢2=0

(k2+1)/24
dz _ p(N=K+1)/24(N-K)
dés N )

Since ¢ = dz/z, we have

N S\ 1/48 N ) 5 1/48

)

(2=0

)"

m=1

where v, = z(P;,,) are the critical points of the map A(z).
On the otherhand, M =2g+1+ N -2 =N and

(k—N)bn

—1
Nz) =k 4. 4 SN

kﬁ](z_y“)

ZN—kA 1

Therefore,

(4.4)

(4.8)
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and (up to a constant independent of {Ay})

1 Inby 1
C="uN—k B (.9)

in agreement with the main result of [14].

4.2.3 The Frobenius manifold ﬁm. This manifold is isomorphic to the orbit space
C x CN=1 x {3z > 0}/J(An_1) of the Jacobi group J(An_1) (see [1, 2, 3]).
In this case,l = 1 and M = N + 1. Following [1, 2], we start the enumeration of the

flat coordinates from 0. We have

M S\ 1748 M
m (P)
<n11__[1 Resp,, %) = const < H _wd(:m(P))

m=1
s (4.10)
m=1
On the other hand, since ¢; = A V/N|
B ~(N-T)/N
tn = Res (ZP\(Z)] dA(z))
dé,
“E ()G = @laa = =
N+1
G = *hl‘l'](to) — Tt]\],

which proves the conjecture from [14].

5 Some remarks on higher genus case

Here we give a formula for the modulus square of the tau-function of Frobenius mani-

folds related to the Hurwitz spaces Hg n(k1,...,ki) with g > 2. From this formula, one
can derive an expression for the real part of the corresponding G-function. For simplic-
ity, we consider only the case k; = .-+ = k; = 1; the results in the general case differ
insignificantly.

If the covering £ has genus g > 1, then it is biholomorphically equivalent to the
quotient space H/T", where H = {z € C : Jz > 0}; I" is a strictly hyperbolic Fuchsian group.

Denote by 7t : H — L the natural projection. Let x be a local parameter on L. Introduce
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the standard metric of the constant curvature —1 on L:

_ |z

XX ax|? = 5
z

(56.1)
where z € H, 7tr(z) = P, and x = x(P).

Denote by ¢ = 1/A the local coordinate in a neighborhood of the infinity of any
sheet of covering L. Introduce functions x**'(A, A), X'™* (xm, Xm ), m=1,..., M, and x° (¢, 0),
k = 1,...,N by specifying x = A, x = x;y, and x = ( (in a neighborhood of the point at
infinity of the kth sheet) in (5.1), respectively.

Consider the following domain on the kth sheet of £: Lk ={A € L* : Vm A — A, | >
o, Al < 1/p}, where A, are all the branch points which belong to the kth sheet L* of the
covering L. (The sheet L* can be considered as a copy of the Riemann sphere P' with
appropriate cuts between the branch points, and the domain L‘g is obtained from L¥ by
deleting small discs around branch points belonging to this sheet and the disc around
infinity.)

The function x¢** : L* — R is smooth in the domain Ug for any sufficiently small
p > 0. This function has finite limits at the cuts (except the endpoints which are the
branch points); at the branch points and at the infinity there are the following asymp-

totics:

o AN = 3 A An] 2+ 0] Aw ) (5.2)
as A — A, and

oA (A A)[* = 4A1 2 + O (N ) (5.3)
as A — oo. We define the “truncated” integral T, by

x| [aA A dA

N
To = ]; L’s 5 : (5.4)

Then there exists the finite limit

(honl* + ) [an A ar|
rng'
N 2
. . (5.5)
_ et [dA A dA
= lim <Tp + é Lk ——5—— T (8N+4M)zln p>.
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Define the function S¢ by

2 —
1 xa|” +ex)|dA A dA|
SF(M,...,)\M):{rng ( )
L

(5.6)

and introduce the determinant of the Laplacian operator (in the Poincaré metric)
det A = exp{—{’(0)}, where ((s) is the zeta-function of the Laplacian on the Riemann sur-
face L.

Let B be the matrix of b-periods of the Riemann surface L. The following theorem

is a consequence of [10, Theorem 9] and Lemma 3.1.

Theorem 5.1. Let g > 2. The modulus square of the isomonodromic tau-function on

Iflg‘N (1,...,1) has the following representation:

6, (detJB)!/2

oy |* = S i)
(detA)1/2

(5.7)
O

Remark 5.2. At the moment, we do not know the explicit holomorphic factorization (sim-
ilar to that in genera 0 and 1) of the right-hand side of (5.7). Finding such a factorization

seems to be of great interest.

Let M, be the Frobenius manifold with underlying Hurwitz space }A{QN (1,...,1)
and the Frobenius structure given by a primary differential ¢. From Theorem 5.1, it fol-

lows that the real part of the G-function of My, is given by

2

B 1. (detdB) 1 M d
RerZSF—I—Zlni—@ln 111;[1Respma

@t ) : (5.8)
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