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ABSTRACT. An explicit formula for the determinant of the Laplacian on a
compact polyhedral surface of genus g > 1 is found. This formula generalizes
previously known results for flat surfaces with trivial holonomy and compact
polyhedral tori.

1. INTRODUCTION

The main goal of the present paper is to study the determinant of the Laplacian
(acting in the trivial line bundle) as a functional on the space of Riemann surfaces
with conformal flat conical metrics (polyhedral surfaces).

In [I0] the determinant of the Laplacian was studied as a functional

Hy(ky,. .. k) 3 (X, w) > det Al

on the space Hy(k1,...,knm) of equivalence classes of pairs (X,w), where X is a
compact Riemann surface of genus g and w is a holomorphic one-form (an Abelian
differential) with M zeros of multiplicities ki,...,ky. Here det Al“l® stands for
the determinant of the Laplacian in the flat metric |w|? having conical singularities
at the zeros of w. The flat conical metrics |w|? considered in [10] are very special:
the divisor of the conical points of this metric is not arbitrary (it belongs to the
canonical class of divisors) and the conical angles at the conical points are integer
multiples of 27r. Later, in [8], this restrictive condition has been eliminated in the
case of polyhedral surfaces of genus one (it should be noted that the case of genus
zero was studied in [2]).

Here we generalize the results of [10], [§], [2] to the case of polyhedral surfaces
of an arbitrary genus. The main result of the paper, the explicit formula for the
determinant, is given by equation (B0l below. We derive it as a simple consequence
of the results from [I0] and an analog of the Polyakov formula for the ratio of
determinants of Laplacians corresponding to two conformally equivalent flat conical
metrics.

2. FLAT CONICAL METRICS ON RIEMANN SURFACES

2.1. Troyanov theorem. Let Z]kvzl bi Pr be a (generalized; i.e., the coefficients
by, are not necessarily integers) divisor on a compact Riemann surface X of genus
g. Also let E]kvz1 b, = 2g — 2. Then, according to Troyanov’s theorem (see [I§]),
there exists a (unique up to a rescaling) conformal (i.e. giving rise to a complex

Received by the editors July 5, 2010.
2010 Mathematics Subject Classification. Primary 58J52; Secondary 14H15, 30F10, 32G15.

(©2012 American Mathematical Society
Reverts to public domain 28 years from publication

725

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



726 ALEXEY KOKOTOV

structure which coincides with that of X) flat metric m on X which is smooth in
X\ {P1,..., Py} and has simple singularities of order by, at Pj. The latter means
that in a vicinity of Pj the metric m can be represented in the form

W m = (9|22 |z,

where z is a conformal coordinate and w is a smooth real-valued function. In
particular, if by > —1 the point Py is conical with conical angle 8y = 27 (bg + 1).

Let us outline a short proof of this theorem assuming for simplicity that all the
divisors gPy, k = 1,..., N are nonspecial (this means that there is no meromorphic
function with the only pole at Py, of multiplicity < g) and g > 1.

Fix a canonical basis of cycles {aj,bx}{_; on X and let E(P, Q) be the prime-
form (see [5]). Let {vx}7_; be the basis of holomorphic normalized differentials
and denote by B the corresponding matrix of b-periods. Also let K0 be the vector
of Riemann constants corresponding to a base point Py. Introduce real vectors

o, via KP = Ba + 8 and let © {g‘} (2/B) be the Riemann theta-function with
characteristics «, 8. Assume that the divisor gPy is nonspecial (i.e. the point

Py is not a Weierstrass point). Using the Riemann theorem on the zeros of the
theta-function it is easy to show that (cf. [6], p. 32)

o P,
02 M (f_ 0(v1,...,vg)t|B)
EQ('& PO)
is a Prym differential with unitary multipliers exp{—4micy }, exp{4mrifs} along the
basic cycles ay, by respectively with a single zero of multiplicity 2¢g — 2 at Fp.

(Notice that if the divisor gFy is special, then Fp, = 0.) Now the Troyanov metric
is explicitly given by

]:Po(') =

N 2by
(2) m = [ |Fp |72 .
k=1

Remark 1. The case when some conical point Py is a Weierstrass point is a bit
more technical and we do not consider it here. Notice only that if the Riemann
surface X is hyperelliptic, then this situation is even more simple than the generic
one. Namely, let the corresponding algebraic curve be given by the equation y? =
Hfi J{Q(x — ;). Then the Weierstrass point Py, coincides with one of the branch
points (say, (x;,0)) and the Prym differential Fp, in () should be replaced by
the holomorphic one-form y~!(z — a?j)g_ldx which has the single zero at Py of
multiplicity 2¢g — 2.

2.2. Distinguished local parameter. In a vicinity of a conical point the flat
metric () takes the form
m = |g(2)[*[2[*|dz|?
with some holomorphic function g such that g(0) # 0. It is easy to show (see, e.g.,
[18], Proposition 2) that there exists a holomorphic change of variable z = z(x)
such that in the local parameter x,
m = |z|*|dz|?.

We shall call the parameter x (unique up to a constant factor ¢, |c¢| = 1) distin-
guished. In case b > —1 the existence of the distinguished parameter means that
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in a vicinity of a conical point the surface X is isometric to the standard cone with
conical angle 8 = 27(b+ 1).

In [I§] it is proved that any compact Riemann surface with flat conformal conical
metric admits a proper triangulation (i.e., each conical point is a vertex of some
triangle of the triangulation). This means that any compact Riemann surface with a
flat conical metric is a Fuclidean polyhedral surface, i.e., can be glued from Euclidean
triangles. On the other hand any compact FEuclidean oriented polyhedral surface
gives rise to a Riemann surface with a flat conical metric. Therefore, from now on
we do not distinguish between compact (oriented) Euclidean polyhedral surfaces
and Riemann surfaces with conformal flat conical metrics.

3. LAPLACIANS ON POLYHEDRAL SURFACES

Let X be a compact polyhedral surface with vertices (conical points) Py, ..., Py.
The Laplacian A corresponding to the natural flat conical metric on X with domain
C(X\{P1,...,Pn}) is not essentially selfadjoint and one has to choose one of
its selfadjoint extensions. From now on we denote by A the Friedrichs extension of
the Laplacian on the polyhedral surface X'; other extensions will not be considered
here.

3.1. Determinant of the Laplacian and analytic surgery.

Theorem 1 (see [], [7], [10]). Let X be a compact polyhedral surface with vertices
Py, ..., Py of conical angles B1,...,8n. Let A be the Friedrichs extension of the
Laplacian defined on functions from C§°(X \ {Py,...,Pn}). Then

(1) The spectrum of the operator A is discrete; all the eigenvalues of A have
finite multiplicity.
(2) Introduce the operator (-function

(3) Cals) =

where the summation goes over all strictly positive eigenvalues A of the
operator —A (counting multiplicities). One has the equality

1 [ Area(X 1 . (27 1
(4) CA(S)_m{Wil))-F[EZ{E—S—;}—l ;-1—6(3)}7

k=1
Theorem [I] opens a way to define the determinant, det® A, of the Laplacian on
a compact polyhedral surface. Namely since (a is regular at s = 0, one can define
the (-regularized determinant of the Laplacian via the usual {-regularization (cf.
[16]):

(5) det™ A := exp{—CA(0)}.

Remark 2. In what follows the symbol det™ is used to denote the (modified) zeta-
regularized determinant of an operator with zero modes. The symbol det refers to
the zeta-regularized determinant of an operator without zero modes.

where e(s) is an entire function.
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Equation () and the relation Zk 1be=29—-2, b, = B" — 1 yield

L~ f2r B\, _ (X&) 1N{ B }
©) a0 = Z{Bk b= (M) g -
where x(X) = 2 — 2g is the Euler characteristic of X.

It should be noted that the term % —1 at the right-hand side of (B) coincides
with the value at zero of the operator (-function of the Laplacian corresponding to
an arbitrary smooth metric on X (see, e.g., [14], formula (5a) or [I5]).

Let m and m = km, k > 0 be two homothetic flat metrics with the same conical

points with conical angles fB1,...,8y. Then @), (@) and (@) imply the following
rescaling property of the conical Laplacian:

(7) det*A™ = n_($_l) S { B+ 2}det A™,

Let m be an arbitrary smooth metric on X and denote by A™ the corresponding
Laplacian. Consider N nonoverlapping connected and simply connected domains
Dy,..., Dy C X bounded by closed curves 71,...,vy and introduce also the do-
main ¥ = X'\ Uch:1 Dy, and the contour I' = UkN:1 V-

Define the Neumann jump operator R : C*°(I') — C*>°(T") by

R(f)|w-, = ay(vki - V]j)a

where v is the outward normal to v, = 0Dy, the functions V,, and VT are the
solutions of the boundary value problems A™V,” = 0 in Dy, V™ |gp, = f and
A™MYV+ =0 in ¥, VT|r = f. The Neumann jump operator is an elliptic pseudodif-
ferential operator of order 1, and it is known that one can define its determinant
via the standard (-regularization.

Let (A™|Dy) and (A™|X) be the operators of the Dirichlet boundary problem
for A™ in domains D} and X respectively. The determinants of these operators
also can be defined via (-regularization.

Due to Theorem B* from [3], we have

N
(8) det"A™ = {H det(Aka)} det(A™|X) det* R {Area(X, m)} {I(I")} !

k=1

where [(T') is the length of the contour T' in the metric m.

An analogous statement holds for the flat conical metric. Namely let & be a
compact polyhedral surface with vertices Py, ..., Py and g be a corresponding flat
metric with conical singularities. Choose the domains Dy, kK = 1,..., N that are
nonoverlapping disks centered at Py and let (A|Dy) be the Friedrichs extension of
the Laplacian with domain C§°(Dy, \ Px) in Ly(Dg). Then formula (&) is still valid
with A™ = A (cf. [II] or see [I3] for a more general result).

3.2. Polyakov and Alvarez formulas. We state Polyakov’s formula in the form
given in ([6], p. 62). Let my = pIQ(Z,Z)E; and my = p;Q(z,z)@ be two smooth
conformal metrics on X and let detA™! and detA™2 be the determinants of the cor-
responding Laplacians (defined via the standard Ray-Singer regularization). Then

det™ Am2 Area(X,my) 1

log — = — Jop 21T, TH2) log 202.1 dz .
(9) 08 =5 A ogArea(X’ml)Jr?m/ og 8 og(pap1)dz
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We need also the following version (belonging to Alvarez) of (@) for surfaces with
boundary ([1]; see also [I5]). Let X’ be a Riemann surface with smooth boundary
0X and let (A™1|X) and (A™2|X) be the operators of the Dirichlet boundary
problems for A™ and A™2. Then

det(A™2]x) 1

10 log ———= lo —321 (/l\
(10) %% Jot(Am|X) 37T/ og og(p2p1)dz
1 P2
lo —8 lo —ds - — kilo ds —|—— Op lo dsq,
1o ), 108 ) Onlog sy = [ g(p) 1t g ) Onles s

where k; and ds; are the geodesic curvature of 0.X and the length element of 90X
corresponding to the metric m;; n is the exterior normal.

3.3. Analog of Polyakov’s formula for a pair of conformally equivalent
flat conical metrics.

Proposition 1. 0 Let a1,...,an and by, ..., by be real numbers which are greater
than —1 and satisfy a1 +---+any =b1+---+ by =29 —2. Let m; and msy be two
conformally equivalent flat conical metrics on X; let m; have conical singularities at
Py, ..., Py € X with conical angles 2n(a1+1), ..., 2n(an+1) and my have conical
singularities at Q1,...,Qn € L with conical angles 2m(by + 1), ..., 2n(bpy + 1).
Assume also that the sets {Py,...,Pnx} and {Q1,...,Qun} do not intersect.

Let xy, be a distinguished local parameter for my near Py and y; be a distinguished
local parameter for mo near Q; (we omit the argument t).

Introduce the functions fi, gi and the complex numbers fi, g1 by

my = |fr(zr)|P|derl* near Pp; fic:= fi(0),
my = |gi(y0) *ldui> near Qi; g1 = gi(0).
Then the following equality holds:

det"A™ I\, C(ax) Area (X, my) TTY, |gi|?/6

(11 * - ’
) det* Ama lf‘il C(b;) Area(X,my) ka\’zl |fi|ax/6

where C(ay) (resp. C(by)) is the ratio of two determinants: the determinant of the
Laplace opemtor with Dirichlet boundary conditions on the right circular cone with
slant height - (resp. 3 +1) and the angle 2m(a;+1) (resp. 2mw(by+1)) around the

apex and the determmant of the standard Laplacian Aldzl* = 40,0, with Dirichlet
boundary conditions in the unit disk D(1) = {|z| < 1}.

Proof. Take ¢ > 0 and introduce the disks Dy(¢), k = 1,...,M + N centered
at the points Pi,..., PN, Q1,...,Qn; Di(€) = {|lag| < €} for k =1,...,N and
Dyy(e) ={lyl < e} forl=1,....M. Let hj : Ry - R, k=1,...,N+ M be
smooth positive functions such that

(1)

! 1 2a5+1 o 1 . _
/hi(r)rdr_{foT P = g, i E=1,..0N,
0

Jo e = gl i k=N+1,1=1,..., M,

IThe author thanks G. Carron and L. Hillairet for a significant improvement of the preliminary
version of this proposition (the idea of introducing constants C'(ax)) and for pointing out to him
reference [I7].
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() r® for r>1if k=1,... N,
T =
¥ P ofor r>1 if k=N4+1,1=1,..., M.

Define two families of smooth metrics m{, m§ on X via

5(2):{ehkhzuxu/e)dm 2eD(e), k=1,...,N,

mS N
ml(z), ZGX\Uklek(E)v
o [l fldul. € Do), 1=1.....,
ms(z) = M
mg(z), ze X \ Ul:l DN+l(€) .

The metrics mj , converge to mj 2 as € — 0 and
Area(X, mj ,) = Area(X, my ).

Due to the analytic surgery formulas one has

(12)
N
det*A™ = {H det(A™! |Dk(e))} det(A™:|¥) det* R {Area(X, m;)} {I(T)} 1,
k=1
(13)

N
det*A™i = {H det(A™1 |Dk(e))} det(A™1|2) det* R {Area(X, m$)} {I(I)} 1,

k=1

with ¥ = X'\ Uszl Dy(€) and analogous expressions for det*A™! and det* A™:
Using these relations and the fact that the quantity det*R/I(I") is a conformal
invariant, we obtain that

(14) det:Aml _ {HkNﬂ(Aml‘Dk(e))} { lMl(AmaDNH(G))}det:AmE
det’ A I (A2 Dyya(e) | {TT (Ami|Dy ()} et AT

Applying Polyakov’s formula to the last term, 362122 , in the right-hand side of
€

([I4)), one rewrites it as

Area(X,m;) 1 & —
15 Sl Sl e 24 — log H 7, 1 d
(15) Area(X, my) b { 3 kz_;l (/Dk(e)( 08 Hi)oya og | fildri
M
_ 1 _
+/ (IOg Hk)xkfk 1Og dexk - 3_ Z / (IOg HN+l)yz??z 10g |gl‘dyl
Di(e) T =1 \/Dna(e)

+/ (log Hn 1)y logHN-i-l@)} ;
Dn+i(e)

where Hy(zy) = e_“khlzl(\mﬂ/e), k=1,...,N and Hyy(y) = e_blh]_\,lJrl(\y”/e),
l=1,...,M. Notice that for k =1,..., N the function Hy coincides with |zj|~ %
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in a vicinity of the circle {|zr| = €} and the Green formula implies that
)

[ Gog s ogIfldme = 54§ (loglon] )5, log | fuldmy
Di(e) L

e f | doglanl o+ |
T |=€

Dy (e)

(log ‘fk|)wkik 10g del‘k; A\ dl‘k}

and, therefore,

— aRT
(16) [ (tog s, o |z = 7 bog 6] + (1)
Dy (e)
as € = 0. Analogously
— by

(17) / (log Hn 1)y, log |gi|dy, = —17 log |gi| + o(1)

Dnyi(e)
as e —+ 0.

On the other hand, the Alvarez formula implies that
det(A™1|Dy(€)) 1

- a2 Qg Qg
log Hy,) .z, log Hydz), — —£ loge + — loge — —
kLEk
Dy (e) 6

%8 "det(ADp(e)) 3 3 2

and
det(Am;‘DNJrl(E)) 1

lo - —/ 10g Hx1)y og Hyv 41y
& Tdet(A|Dyu(e)) 3 DNH(E)( g HN 1)y 5 log Hy1idy

2
— %loge—i—%loge— %,
where Kk = 1,...N, Il = 1,... M and (A|Dy(€)) is the operator of the Dirichlet
problem in the disk Dy, (¢) for A = 40,0,.
Thus, the right-hand side of (I4]) has the asymptotics

Area(X, m;) {ngl det(Am1|Dk(6))} {Hf\il det(A|DN+l(e))} H}Ig\/:1 || ~au/6
Area(¥ ma) {1, qes(Ams [ Da(e) ) {TT det(ADu(e) ) I il =0

(18) % 625:1(%*%)721111(%*%)(1+0(1))
as e — 0.
Due to [19], formula (28), one has
(19) det(A[Dy(e)) = e Y3det(A| Dy (1))
with
(20) det(A|Dy(1)) = 2767712 exp{—2¢'(-1) — 5/12} .
On the other hand, the disk Dy with metric |2y | |dzg|? is isometric to the right

circular cone K (e, ay) with the slant height 6:::11 and the angle 27(ay, 4+ 1) around

the apex. Similarly to (@) it is easy to show that the value of the operator (-function
of the Laplace operator on this cone (with Dirichlet boundary conditions) at zero

equals to % (Tlﬂ +ar + 1) and, therefore,

(21) det(A™ | Dy (e)) = ¢~ # @D (T +at1) qor (A K (1, ax)) -

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



732 ALEXEY KOKOTOV

Now sending ¢ to 0 in (I8) and using ([[3)), 1), one arrives at (III). O

Remark 3. Notice that a rather lengthy expression for det(A|K (1, ax)) as a function
of ay is given in ([I7], Theorem 1). This together with (I3 2I)) gives explicit
expressions for the factors C(ay), C(bg) from (Il which we do not reproduce here.

Remark 4. Tt is instructive to check that (I agrees with the rescaling property
@.
The following simple lemma (“on three polyhedra”) is a corollary of ([ITJ).

Lemma 1. Let X be a compact Riemann surface of an arbitrary genus g and let 1,
m and n be three conformal flat conical metrics on X. Suppose that the metricl has
conical points Py, ..., Py, with conical angles 2w(a; +1),...,2n(ar, + 1), the metric
m has conical points Q1,...,Qn with conical angles 2m(by + 1),...,27(bps + 1)
and the metric n has conical points Ry, ..., Ry with conical angles 2m(cy +1),. ..,
2r(ey +1). (All the points P, Qm, Ry are supposed to be distinct.) Then one has
the relation

N o o Lo o Mo b
(22) T || TT [ een]” TL[Feen] " = 1.

i=1 j=1 k=1
Proof. Rewrite the identity

det* Al det*A™ det* AR

det*Am det*An det*Al
using formula ([IT]). O

Remark 5. The above lemma also follows from the Weil reciprocity law for harmonic
functions with logarithmic singularities.

3.4. Flat surfaces with trivial holonomy and moduli spaces of holomor-
phic differentials on Riemann surfaces. We follow [12] and Zorich’s survey
[20]. Outside the vertices a Euclidean polyhedral surface X is locally isometric to
a Fuclidean plane, and one can define the parallel transport along paths on the
punctured surface X' \ {Py, ..., Py}. The parallel transport along a homotopically
nontrivial loop in X \ {Py,..., Py} is generally nontrivial. If, e.g., a small loop
encircles a conical point P, with conical angle i, then a tangent vector to X turns
by (i after the parallel transport along this loop.

A Euclidean polyhedral surface X is called a surface with trivial holonomy if
the parallel transport along any loop in X'\ {P,..., Py} does not change tangent
vectors to X .

All conical points of a surface with trivial holonomy must have conical angles
which are integer multiples of 27.

A flat conical metric g on a compact real oriented two-dimensional manifold
X equips X with the structure of a compact Riemann surface. If this metric has
trivial holonomy, then it necessarily has the form g = |w|?, where w is a holomorphic
differential on the Riemann surface X (see [20]). The holomorphic differential w
has zeros at the conical points of the metric g. The multiplicity of the zero at the
point P, with the conical angle 27 (k,, 4+ 1) is equal to kmE

2There exist polyhedral surfaces with nontrivial holonomy whose conical angles are all integer

multiples of 27. To construct an example take a compact Riemann surface X of genus g > 1 and
choose 2g — 2 points P1,...,Pag_2 on X in such a way that the divisor Py + --- 4 Pag4_2 is not
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The holomorphic differential w is defined up to a unitary complex factor. This
ambiguity can be avoided if the surface X is provided with a distinguished direction
(see [20]), and it is assumed that w is real along this distinguished direction. In
what follows we always assume that surfaces with trivial holonomy are provided
with such a direction.

Thus, to a Euclidean polyhedral surface of genus g with trivial holonomy we put
into correspondence a pair (X,w), where X is a compact Riemann surface and w
is a holomorphic differential on this surface. This means that we get an element of
the moduli space, Hq, of holomorphic differentials over Riemann surfaces of genus
g (see [12]).

The space H, is stratified according to the multiplicities of zeros of w.

Denote by H4(1,...,1) the stratum of H,, consisting of differentials w with
2g — 2 simple zeroes Pi,...,Py,_o; the divisor of the differential w is given by

2g—2
(w) = Em:1 Py,
As in [6] introduce
e the following holomorphic multivalued (g/2, —g/2)-differential o (P, Q):

(23) o(P,Q) = exp{—z § va(mton %} ;

e the following holomorphic multivalued g(1 — g)/2-differential on X:

1 J 290(KT)
(24) C(P) - W[’Ul, o 7vg](P) - Za » mval . ‘Uag(P) }
where
(25) W(P) := deti<a syl vl (P)]]

is the Wronskian determinant of holomorphic differentials at the point P.
Denote by Ap(-) the Abel map with the base point P. Then one has the relation

(26) A((w)) +2KF +Br+q=0

with some integer vectors r and q. Let us emphasize that the vectors r, q as
well as the prime form and the differentials C' and o depend on the choice of the
fundamental polygon X.

The following theorem was proved in [10].

Theorem 2. Let a pair (X,w) be a point of the space Hy(1,...,1). Then the
determinant of the Laplacian Al s given by
(27) det* AlI® = 6, det SB Area(X, |w|?)|7y (X, w)|?,

where d,4 s a constant depending only on the genus g and 74(X,w) is defined up to
a unitary multiplicative factor (and not a choice of the fundamental polygon!) by
the formula

2g—2
(28) 70X w) = KN OP) [T o(Pe P B PV
k=1

in the canonical class. Consider the flat conical conformal metric m corresponding to the divisor
Py 4 --- 4 P42 according to the Troyanov theorem. This metric has nontrivial holonomy while
all its conical angles are equal to 4.
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Here P is an arbitrary point of X and the integer vector r is defined by (20)); the
values of the prime form and o at the zeros Py of the differential w are calculated

in the local parameter xi(Q) = ‘/ff(i w; the values of the prime form and o at

the point P are taken in the local parameter z(Q) = fQ w; the expression (28)) is
independent of the choice of P.

Remark 6. In [J] it was shown that the factor ¢, in ([27) admits the representation
(29) 8g = (2m) =k

where kg is an absolute constant which could be expressed through spectral char-
acteristics of some model operators.

3.5. Determinant of the Laplacian on an arbitrary polyhedral surface of
genus g > 1. From (1)) and 1) follows the main result of the present paper:

Theorem 3. Let X be a compact Riemann surface of genus g > 1 and let m be
a conformal flat conical metric on X with conical points P, ..., Py with conical
angles 2m(a; + 1), ..., 2r(ay + 1). Also let w be a holomorphic one-form on X
with 2g — 2 simple zeros Q1,...,Q2—2. Let xj, be a distinguished local parameter
for m near Py and y; be a distinguished local parameter for w near Q. Introduce
the functions fy, g; and the complex numbers fy., g1 by

I = | fi(an) Pldan|* near Pe,  fic:= fi(0),

m = |g;(y)*|dyi|* near Qi, g1 := g(0).
Then

M 292 |0 1/6
(30)  det™A™ :59L§@Area(é’(,m)det%B 7y (X, )|2H 81l
c TI, [/

where T,(X,w) is giwen by 28); C(a) and &, are described in Remarks Bl and [6l.

ACKNOWLEDGEMENTS

The author would like to thank G. Carron and L. Hillairet for an important re-
mark which led to a significant improvement of Proposition [I} he also acknowledges
numerous useful conversations with D. Korotkin. This work was written during the
stay of the author at the Hausdorff Research Institute for Mathematics. The author
thanks the institute for the hospitality and support. The research of the author
was also supported by NSERC.

REFERENCES

[1] Alvarez, O., Theory of strings with boundaries, Nucl. Phys. B216, 125 (1983). MR701643
(85€:81095)

[2] Aurell, E., Salomonson, P., On functional determinants of Laplacians in polygons and sim-
plicial complexes, Communications in Mathematical Physics, Volume 165, Number 2, 1994,
233-259. MR1301847|/(951:58186)

[3] Burghelea, D., Friedlander, L., and Kappeler, T., Meyer-Vietoris type formula for determi-
nants of elliptic differential operators, J. of Funct. Anal., 107, 34-65 (1992). MR1165865
(93£:58242)

[4] Cheeger, J., Spectral geometry of singular Riemannian spaces, J. Diff. Geometry, 18 (1983),
575-657. MR730920 |(85d:58083)

[5] Fay, John D., Theta-functions on Riemann surfaces, Lect. Notes in Math., 8352, Springer
(1973). MR0335789 (49:569)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=701643
http://www.ams.org/mathscinet-getitem?mr=701643
http://www.ams.org/mathscinet-getitem?mr=1301847
http://www.ams.org/mathscinet-getitem?mr=1301847
http://www.ams.org/mathscinet-getitem?mr=1165865
http://www.ams.org/mathscinet-getitem?mr=1165865
http://www.ams.org/mathscinet-getitem?mr=730920
http://www.ams.org/mathscinet-getitem?mr=730920
http://www.ams.org/mathscinet-getitem?mr=0335789
http://www.ams.org/mathscinet-getitem?mr=0335789

POLYHEDRAL SURFACES AND DETERMINANT OF LAPLACIAN 735

[6] Fay, John D., Kernel functions, analytic torsion, and moduli spaces, Memoirs of the AMS
464 (1992). MR 1146600 (93e:58192)

[7] King, Hala Khuri, Determinants of Laplacians on the space of conical metrics on the sphere,
Transactions of AMS, 339, 525-536 (1993). MR1102890//(93m:58118)

[8] Klochko, Yu, Kokotov, A., Genus one polyhedral surfaces, spaces of quadratic differentials
on tori and determinants of Laplacians, Manuscripta Mathematica, 122, 195-216 (2007).
MR2295112//(2008¢:58024)

[9] Kokotov, A., On the asymptotics of determinant of Laplacian at the principal boundary of
the principal stratum of the moduli space of Abelian differentials, to appear in Transactions
of AMS.

[10] Kokotov, A., Korotkin, D., Tau-functions on spaces of Abelian differentials and higher genus
generalization of Ray-Singer formula, Journal of Differential Geometry, 82 (2009), 35-100.
MR2504770|/(2010c:58041)

[11] Kokotov, A., Korotkin, D., Tau-functions on the spaces of Abelian and quadratic differentials
and determinants of Laplacians in Strebel metrics of finite volume, preprint of Max-Planck
Institute for Mathematics in the Science, Leipzig, 46/2004; math.SP/0405042.

[12] Kontsevich, M., Zorich, A., Connected components of the moduli spaces of holomorphic
differentials with prescribed singularities, Invent. Math., 153, 631-678 (2003). MR2000471
(2005b:32030)

[13] Loya, P., Mcdonald, P., Park, J., Zeta regularized determinants for conic manifolds, Journal
of Functional Analysis, 242 (2007), N1, 195-229. MR2274020 (2007g:58036)

[14] McKean, H. P., Singer, I. M., Curvature and the eigenvalues of the Laplacian, J. Diff. Geom-
etry, 1 (1967), 43-69. MR0217739 |(36:828)

[15] Osgood, B., Phillips, R., Sarnak, P., Extremals of determinants of Laplacians, Journal of
Functional Analysis, Vol. 80, N1, 148-211 (1988). MR960228 (90d:58159)

[16] Ray, D. B., Singer, I. M., Analytic torsion for complex manifolds, Ann. of Math. (2) 98
(1973), N1, 154-177. MR0383463(52:4344)

[17] Spreafico, M., Zeta function and regularized determinant on a disk and on a cone, Journal of
Geometry and Physics, 54 (2005), 355-371. MR2139088|/(2005k:11184)

[18] Troyanov, M., Les surfaces euclidiennes a singularités coniques, Enseign. Math. (2), 32 (1986),
79-94. MR850552 (871:30079)

[19] Weisberger, W., Conformal invariants for determinants of Laplacians on Riemann surfaces,
Commun. Math. Phys., 112, 633-638 (1987). MR910583]/(89c:58135)

[20] Zorich, A., Flat Surfaces, in collection “Frontiers in Number Theory, Physics and Geom-
etry. Vol. 1: On random matrices, zeta functions, and dynamical systems”, P. Cartier,
B. Julia, P. Moussa, P. Vanhove (Eds.), Springer-Verlag, Berlin, 2006, 439-586. MR2261104
(20071:37070)

DEPARTMENT OF MATHEMATICS AND STATISTICS, CONCORDIA UNIVERSITY, 1455 DE MAISON-

NEUVE BOULEVARD WEST, MONTREAL, QUEBEC, H3G 1M8 CANADA
E-mail address: alexey@mathstat.concordia.ca

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1146600
http://www.ams.org/mathscinet-getitem?mr=1146600
http://www.ams.org/mathscinet-getitem?mr=1102890
http://www.ams.org/mathscinet-getitem?mr=1102890
http://www.ams.org/mathscinet-getitem?mr=2295112
http://www.ams.org/mathscinet-getitem?mr=2295112
http://www.ams.org/mathscinet-getitem?mr=2504770
http://www.ams.org/mathscinet-getitem?mr=2504770
http://www.ams.org/mathscinet-getitem?mr=2000471
http://www.ams.org/mathscinet-getitem?mr=2000471
http://www.ams.org/mathscinet-getitem?mr=2274020
http://www.ams.org/mathscinet-getitem?mr=2274020
http://www.ams.org/mathscinet-getitem?mr=0217739
http://www.ams.org/mathscinet-getitem?mr=0217739
http://www.ams.org/mathscinet-getitem?mr=960228
http://www.ams.org/mathscinet-getitem?mr=960228
http://www.ams.org/mathscinet-getitem?mr=0383463
http://www.ams.org/mathscinet-getitem?mr=0383463
http://www.ams.org/mathscinet-getitem?mr=2139088
http://www.ams.org/mathscinet-getitem?mr=2139088
http://www.ams.org/mathscinet-getitem?mr=850552
http://www.ams.org/mathscinet-getitem?mr=850552
http://www.ams.org/mathscinet-getitem?mr=910583
http://www.ams.org/mathscinet-getitem?mr=910583
http://www.ams.org/mathscinet-getitem?mr=2261104
http://www.ams.org/mathscinet-getitem?mr=2261104

	1. Introduction
	2. Flat conical metrics on Riemann surfaces
	2.1. Troyanov theorem
	2.2. Distinguished local parameter

	3. Laplacians on polyhedral surfaces
	3.1. Determinant of the Laplacian and analytic surgery
	3.2. Polyakov and Alvarez formulas
	3.3. Analog of Polyakov’s formula for a pair of conformally equivalent flat conical metrics
	3.4. Flat surfaces with trivial holonomy and moduli spaces of holomorphic differentials on Riemann surfaces
	3.5. Determinant of the Laplacian on an arbitrary polyhedral surface of genus 𝑔>1

	Acknowledgements
	References

