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Course outlines

Unbounded operators: general facts and definitions, first examples.

(Domain of definition, Extensions, polarization identity, graphs, closed operators,
adjoint operator, symmetric and self-adjoint operators, graph technique, self-
adjointness of A*A, i% on bounded interval, essentially self-adjoint operators,
operator of the Dirichlet problem on the interval, harmonic oscillator, operator of
the multiplication by a measurable function)

Friedrichs extension

Resolvent, Resolvent of a self-adjoint operator, Herglotz theorem, Spectral theorem
(Wintner’s proof following Berezin and Shubin).

Kato-Rellich theorem and and self-adjointness of Schroedinger operator (hydrogen,
ete).

Theory of self-adjoint extensions, deficiency indices, von Neumann formulae

Two additional topics taken from Winter 2015 lecture notes

. Pseudo-Laplacians in R?.

Comparison of self-adjoint extensions: Krein formula for resolvents.
Appendix

Compact self-adjoint operators
Miscellanea

Zorn Lemma

UBP, compact operators

Vishik-Lax-Milgram Theorem

A Lemma on generalized functions (needed for the proof of Sears criterion in
Berezin-Shubin).



1 General facts about unbounded operators (Dry
Desert)

LECTURE 1

1.1 Domains of definition, extensions, polarization identity

H - a SEPARABLE (avoiding Zorn stuff, just a technical simplification) COMPLEX
(real theory is a bit special, although also interesting) Hilbert space.

(,) - linear w. r. t. THE FIRST argument, anti-linear w. r. t. THE SECOND
argument.

Physicists and some authors use the opposite agreement.

In quantum mechanics textbooks: (-,-) =< -,- >, (< |= bra; | > = (c¢)ket vectors.
Ket-vectors = vectors; bra-vectors = linear functionals.

Riesz theorem: [(z) = (x,v;) for a linear functional; for physicists and authors close
to physics I(z) = (v, ) =< y|x >.

Let

A:H—H

be a linear operator with DENSE D(A) (domain (of definition)).

Remark:For all operators in this course D(A) is always a linear subspace of H and

is always dense (i. e. D(A) = H).

Clearly, if A is bounded then it can be extended to the whole H. So, typically, in
this course A is unbounded.

Example: I:={z € R:0 <z <1}; H=L,y(I); A= L; D(4) = C'(I).

Exercise 1: Prove that A is unbounded.
Hint: consider normalized ¢™.

Example-advertisement: Schroedinger operator —A+¢(z) (say, in Ly(R?)). The-
ory is as large and deep as mathematics as a whole.

Work with unbounded operators requires a lot of care because of troubles with do-
mains.

D(A+ B) = D(A) N D(B)

D(AB) ={x € D(B): Bx € D(A)}
Definition 1. Extension: A C B iff D(A) C D(B) and B|pay = A.

Be careful: A(B+ (') # AB + AC (example: C' = —B)
Exercise 2: Prove
AB+ AC C A(B+C)



but
(B+C)A=BA+CA

Let 2,y € D(A). Then one has polarization identity:

(o) =1 Y (A +ey), o+ ep)

(Remark: mind that for us (-,-) is anti-linear w. r. t. the second argument. For
physicist’s choice the r. h. s. should be changed to conjugate - aesthetically worse!! -
and that is one of the most important reasons to make mathematician’s choice.)
Exercise: Prove via direct calculation. Once in your life you have to do that
(similarly to the Jacobi identity for [a, [b, ¢]] with [a,b] = ab — ba!)
Meaning: sesquilinear form is defined by quadratic one.

Exercise 3. (Vx € D(A) (Az,x) € R) = (Va,y € D(A) (Az,y) = (z, Ay))
(symmetry).

1.2 Graphs, Closed operators

Graph of A:
I'(A) :={[z,Az] € H x H;x € D(A)}

Let 2,y € D(A). Define

(z,y) = (v,y) + (Ax, Ay)

Graph norm:
lall] = G, y)*

The following three statements are equivalent:

e I'(A) is closed in H x H
e D(A) >z, = xy; Az, = yo = x0 € D(A) and Az = 1

e D(A) is Hilbert space w. r. t. graph norm

If any of these three facts holds true then operator A is called closed.

Definition 2. A is closable if the closure, I'(A), of I'(A) is the graph of a linear operator.

(i. e. [zyy),[z,y0) € T(A) = w1 = ya; ['(A) (as well as I'(A)) is a linear space;
therefore, this is equivalent to [0,y] € T'(4) = y = 0 - prove!)

Example. Ly(I), A: f— f(1) € Lo(I); D(A) = C(I). Non-closable. [t",1] € T'(A);
t" — 01in Ly(I). [0,1] € T(A).



Exercise 4. D C H linear, dense. F': D — C - unbounded linear functional;
Az = F(x)hg

with some given non-zero hy € H. Prove that A with D(A) = D is non-closable.
Solution: x, € D; x, — 0, |F(z,)| > € > 0. A(z,/F(z,)) = const = hy;
z,/F(x,) — 0. So (0, hy) € ['(A).

Definition 3. A - symmetric if Vx,y € D(A) (Az,y) = (z, Ay).
Proposition 1. Symmetric operators are closable.

We have to prove that

[z, 1], [z, y2] € T(A) = y1 =2
Let
(Tn, Azy) = (z,91)
(ina A-%n) — (ZE, y?)
T, Tn € D(A)
Let z € D(A)
(Azxy, 2) = (z,, A2)
and, therefore (n — 00)),
(y1,2) = (v, Az).
(AZ,, 2) = (Tp, Az)
and, therefore
(Y2, 2) = (z, Az)
Thus
(yh Z) = (y27 Z)
and (D(A) is dense) y; = ys.

Definition 4. Let A be closable. Closed operator with graph T'(A) is called the closure
of A and is denoted by A.

Excercise 5. Closure A of symmetric operator A is symmetric.

Reminder: Closed graph theorem: closed linear operators defined on the whole
(Banach) space are continuous (= bounded).

Proposition 2. Helinger-Toeplitz Theorem.
A is symmetric and D(A) = H — A is bounded.

Proof. Obvious: A - closable, and, therefore A = A, so A is bounded.

Corollary: A is symmetric and unbounded = D(A) # H.
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END OF LECTURE 1

LECTURE 2

Philosophical question: Why we are working with closed operators?
Philosophical answer: Non-closed operators have non interesting spectrum which
gives no information about the operator.

Definition 5. Complement to the spectrum:

(Spec (A)° ={z € C: (A—zI)"" ewvists and is bounded}
(In particular, A — zI : D(A) — H is one to one.)
Proposition 3. Spec(A) # C = A is closed.

Proof. Let (A—zI)"': H — D(A) be bounded and one to one for some 2. Let
[, Azy) — [20, yo) for z, € D(A). we have to show that 2y € D(A) and Azy = yo.

(A—2)x, = yo — 210
(A — 2)~! is continuous, therefore,
2y — (A= 2)7 (yo — 220)
Thus,
zo = (A —2) " (yo — @) € D(A)

On the other hand
(A - 2)550 = Yo — 2T

and, therefore,
Az = yo

1.3 Adjoint Operator, Self-adjoint operators
Let y € H. Consider the linear functional D(A) — C
x— (Ax,y).

There is no reason to expect it is continuous unless A is a continuous operator. But
for some y it may happen.
Example. Ly(I), A=< D(A) = CLI)

dt’

if y € C}(T) and



If this is the case (i. e. x — (Az,y) is continuous) then Riesz theorem implies

(Az,y) = (x, 2)

for some 2z € H.

Definition 6. If for some y the functional D(A) > x — (Az,y) is continuous and
(Az,y) = (z,2) for all x € D(A), then they say that y € D(A*) and A*y = z.

Thus,
(Az,y) = (x, A™y)

for x € D(A) and y € D(A*).
Clearly, D(A*) > {0} and,therefore, is never empty.

Philosophical remark. Complete description of D(A*) for a given A generally is
a non-trivial problem of great importance.

Definition 7. A is called self-adjoint if A = A*

That means, in particular, that D(A) = D(A*) which is, generally, hard to prove.

Self-adjoint = symmetric

Symmetric # Self-adjoint
If A is symmetric then D(A) C D(A*). But, generally, D(A) # D(A*)

BUT

For bounded operators these notions coincide

Excercise 5 Find the historical anecdote about a funny dialogue between Friedrichs
(a prominent mathematician) and Heisenberg (a genial physicist, the founder of quantum
mechanics). See Peter Lax book on Functional Analysis'.

Proposition 4. 1. A* is closed

1Solution: “The theory of self-adjoint operators was created by von Neumann to fashion a frame-
work for quantum mechanics. The operators in Schrodinger’s theory that are associated with atoms
are partial differential operators whose coefficients are singular at certain points; these singularities
correspond to the unbounded growth of the force between two electrons that approach each other.
To define such differential operators as self-adjoint ones is not a trivial task < --- >. I recall in the
summer of 1951 the excitement and elation of von Neumann when he learned that Kato has proved the
self-adjointness of the Schrodinger operator associated with the helium atom.

And what do the physicists think of these matters? In the 1960s Friedrichs met Heisenberg, and
used the occasion to express to him the deep gratitude of the community of mathematicians for having
created quantum mechanics, which gave birth to the beautiful theory of operators in Hilbert space.
Heisenberg allowed that this was so; Friedrichs then added that the mathematicians have, in some
measure, returned the favor. Heisenberg looked noncommittal, so Friedrichs pointed out that it was
a mathematician, von Neumann, who clarified the difference between a self-adjoint operator and one
that is merely symmetric. ”What’s the difference,” said Heisenberg.”



3. if A is closable then (A)* = A*

Easier items:
4. (ANA)* = \A*
5. (A+ bounded)* = A* + (bounded)*

Proof. 1): Simple play with definitions.
Let x, € D(A*) and z,, — x¢; A*z, — yo.
That means that:
Vz € D(A) one has
(Az,x,) = (z, Ax,)

Passing to the limit n — oo gives

(A$7 370) = (:Ev yO)
Thus, g € D(A*) and A*zy = yo and A* is closed.

2): Again simple play with definitions.
Let z € D(A3).
Then Vz € D(A,)
(Agz, 2) = (z, A52)

But Ayz = Ajz for all x € D(A;) C D(A,).
So Vx € D(A;)
(Alxa Z) = ("L‘a AEZ)

Thus, 2 € D(A3) and A3z = Ajz.

3): Clearly A C A, so by 2) (A)" C A*.
It remains to prove that A* C (A)*.
A)

Let y € D(A*). Then Vz € D(

(Az,y) = (z, A%y). (1.1)

We have to prove that

Vz € D(A)

(Az,y) = (2 (A)y)
or, what is the same, B
(Az,y) = (2, A%y)

_ A
Let z,, € D(A); x, — z Az, — Az. Take z = z,, in (hl) and pass to the limit.
Exercise 6: Prove 4) and 5)



1.4 von Neumann’s Graph Technique

Informal remark

NOT A THEOREM: I'(A)LT'(A*); T'(A) @ I'(A*) = H & H. BUT that is what
one has to keep in mind as ”almost true”. Can be improved and upgraded to a correct
statement.

Reminder: Let L an arbitrary linear subspace of H. Lt is closed; (L1)t = L;
H=L& L.

y € D(A*) iff Vo € D(A)
(Az,y) = (z, A"y)

or
(Az,y) — (z, A%y) =0
or
([Az, =z, [y, A"y mom = 0
or
(Ulx, Az], [y, Ay|) nom = 0,
where

U:HeH—-H®H

is the unitary operator (introduced by von Neumann) defined via

U([U,U]) = [U7 _u]

Remark. Unitarity implies

U(L™) = (U(L)

and
U(S) =U(S)

(here L is a linear subspace, S is an arbitrary subset of H & H.)

Remark. Clearly U? = —I and, therefore, U?(L) = L for any linear subspace of
He H.
As we showed: y € D(A*) iff Vo € D(A)

(Ulz, Az, [y, A*Y)) hon = 0.

Thus,

[(A7) = [U(D(A)]" = UT(A)*Y) (1.2)




and

(apply U to both sides)

Again:

Ha H=T(A) e UT(A)) (1.3)

and that is true even for nonclosable A!

Proposition 5. A* is densely defined <= A is closable.
In this case

(A) = A

Reminder: Adjoint A* is defined only for densely defined A. But A* need not be
densely defined !

Proof.
END OF LECTURE 2
LECTURE 3
1. =
We have to show that I'(A) is a graph.
In fact,
= 11
L(A) = ((C(A))" = [U"T(A)] T =
1
— U (lwwet)] =
B
using (h2)
= [UT(AN)]" =
B
(since A* is densely defined, A** exists and we can use (h2) once again)

and that is a graph ! (of A**)

2. &=
Let hL D(A*) and h # 0. This gives a contradiction. In fact (h,0)LI'(A*), therefore,

(0, —h) LUT(A")

and, therefore,

(0,h) € (U(D(A%))* = T(4)

C
due to (hS) This means that I'(A) is not a graph and A is not closable, which gives
the needed contradiction.



1.5 Self-adjoint from closed: important general construction
Proposition 6. Let A is densely defined and closed. Then A*A is self-adjoint.
Proof. Since I'(A) is closed we have
I'NA)eU(A")=HeH
Thus, Yu,v € H 3z € D(A),y € D(A*):
[u, o] = [x, Az] + [A%y, —y]
or, what is the same, the system

u=ux+ A%y
v=Ar —vy

is solvable for any u and v in H. In particular, for v = 0. We have:

u=ux+ A%y
Ar =y

is solvable for any v € H (i. e. has solutions @ € D(A);y € D(A*).
Notation: Image (A) = Range (4) =: R(A)
So

R(I+A*A)=H

Lemma 1. One has
o D(I+ A*A) is dense
o [+ A*A is symmetric
Reminder: D(I + A*A) = D(A*A)N D(I) = D(A*A) ={z € D(A) : Ax € D(A*)}

Proof:
Density: Let hLD(I+ A*A). Then dxy € D(I+ A*A) : h = (I + A*A)zy. Therefore,
since Azg € D(A*),

0= (([ + A*A).To, LCQ) = (I0,$0> + (A.fo, Al’o) >0

And 2o = 0. Thus h = 0.
Symmetry: let z € D(I + A*A). Then

(I4+ A"A)z,x) = (z,z) + (Az, Az) € R

Thus, by the polarization identity (more precise, by the Exercise after polarization
identity) I + A*A is symmetric.

Now Proposition immediately follows from the following criterion of self-adjointness
(take B =14 A*A and A = 0).
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A useful criterion of self-adjointness

B — densely defined, symmetric

(ANEC:R(B—XN)=R(B—X)=H) = B is self — adjoint

Proof. One has to prove that D(B*) C D(B) (reminder: D(B) C D(B*) for
symmetric B).

Let 2y € D(B").

Then one can solve for x € D(B) the equation

(B—X)x = (B*— \)xy
Then for any y € D(B):

(B = Az, y) = ((B* = AM)zo, y) =

(since zy € D(B*)) )
= (w0, (B — Al)y)

But due to symmetry of B

(B = A)z,y) = (z,(B = M)y)
Therefore, Yy € D(A)

(,(B = Al)y) = (z0, (B = M)y).

Since R(B — M) = H, one has x = xy and, therefore, z, € D(A).

Important exercises

1. Let A be densely defined. Prove that

1) Ker A* is closed

2)H = Ker A* @ R(A)

2. Let A be closed and densely defined.
Assume that 3A~! (generally, unbounded) and R(A) = D(A~') = H. Then

(A*)—l — (Afl)*

3. let A be closed and symmetric. Then

11



A* is symmetric => A is self-adjoint.

4. Prove that if A is symmetric but not self-adjoint then R C Spec (A).

5. If A symmetric, D(A) = H then A is closable (already proved, give another proof
using A*).
6. 1 f A symmetric, D(A) = H then A is symmetric.
Solutions

1.1)
Yn = Y, Yn € Ker A% Vo € D(A)

(Az,y,) = (x,A"y,) =0

and, therefore, (Ax,y) = 0. Thus, A*y = 0.
1.2)
a)Orthogonality: R(A)LKerT*. Let y € KerT* then

(Az,y) = (z, Ay) = (2,0) = 0.
b) One has

(1): Ker A* C L (already done = a)); L C Ker A*:
Let u € L then Vz € D(A) 0= (Az,u) = (2,0) i. e. A*u =0.
2) Since R(A) = D(A™1!) is dense, (A™!)* exists. From Problem 1):

H=R(A) @& KerA* = H @ Ker A

and Ker A* =0, i. e. A* has inverse.

Now Vo € D(A),y € D((A™1)*

(z,y) = (A" Az, y) = (Az, (A71)"y) =
(bounded w. r. t. z!l)

= (2, A"(A7)"y)

Since D(A) is dense, this implies Vy € D((A™1)* y = A*(A™1)*y

Passing to A := A7!, A7':= A, one gets Vz € D(A*) 2z = (A71)*A*z.

3)A C A*, therefore A= A = (A*)* C A*, and A = A*.

4)Let some real A do not belong to the spectrum. Then due to the above criterion
of self-adjointness A is self-adjoint. Contradiction.

S)Wx,y € D(A) (Az,y) = (z, Ay) and, therefore, y € D(A*) and D(A) C D(A*).
Thus, D(A*) is dense and, therefore, A is closable.

6)Let zo,vy, € D(A). Then x, — zg, Az, — Azo; Yn — Yo, Ay, — Ay for some
sequences T, Yy, from D(A). Passing to the limit in

(Azp, yn) = (20, Ayn)
one gets - -
(Azo, y0) = (20, Ayo)

12



2 First Examples

2.1 Basic example: —i%

Reminder:
1) f:[a,b] — R is called absolutely continuous (a. c.) if

Ve > 039 :

Vay, by, ...an,b, € a,b]:a<a; <by<---<a,<b,<b

(be —ar) <6 = > [f((bx) — flar)| < e

k=1 k=1
2) fisa. c. on [a,b] iff

for some h € L'[a, b].
3) If f(x) is a. c. then f'(x) exists a. e. and f'(z) = h(z) a. e.
4) If f(x) is a. c. and f'(z) =0 a. e. then f(z) =C a. e.
Consider the operator

A= —iL: Ly(I) — Ly(I) with domain

D(A)={f a.c. on I:f € Ly(I), f(0) = f(1) = 0} = H(I)

Remark: ”-” from tradition: because F,} xF. . f(2) = —i%f(y) in Ly(R).
Integration by parts shows that A is symmetric. Clearly, D(A) is dense in Lo (I).

Reminder: Ly(I) C Ly (I):

[ (o) ()

Introduce also the space

1/2

H'T)={f a.c. on I:f € LyI)}
Clearly, Vf,g € H'(I)
(f'9) +(.) = S|
and —i-+ is NOT symmetric on H*(I).

Proposition 7. One has
1. D(A*) = HY(T)
2. (A ) =A

13



(i. e. A is closed).
Proof.

Lemma 2.

(R(A)*+=C
Proof of the lemma. D: For f € H}

/ iz—z/ = —ifly=0

ACB — Bt c At

So,
CtCc R(A) = RA)*cCH =cC

and it is enough to prove that C+ C R(A).
Let f € Ly fL1. Then f(z) = - [*f (Ly C Ly) and F(x

fol f =0 and lemma is proved.

End of Lecture 3

Lecture 4

1)D(A*) = H'

H' C D(A*):

(Af.9) Z/Ol(—i)f’gz/olf(—zg)

Thus, g € D(A*) and A*g = —ig'.

Let g € H', f € D(A)

D(A*) c H':

Let g € D(A"), f € D(A)

(Af,g) = (f, Ag) = (f, % /Ox Arg) =

by parts

=[5 f € H} due to

—(f’,/oxA* — (if" /A* Afz/ 4*g)

Thus, Vf € D(A)
( » g Z/(; g)
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and, g — i [, #A*gLR(A) using the lemma, one gets

g—i/xA*g:C
0

g:C'—i-z'/ A*geH1
0

and

(A*g € Ly C Ly!).

2)(A) = A
1A C (A*)*(= A).
2)(A")* C A:

One has

ACA = (A" C A

Thus D((A*)*) C H' and (A*)*g = —ig'.
Let f € D(A*), g € D((A*)*). Then

1

(A*f,g) = (f,(A")g) = (f, —ig") = (—if', 9) +i(f7) .

On the other hand
and, therefore

(for any f in H')

Thus, g(0) = g(1) =0 and g € Hy = D(A).

Remark. One can start from D(A) := C§°(I) and then take a closure. This moti-
vates the following definition.

Definition 8. Let D < D(A). D is called a core of A if the closure of D in the graph
norm ||| - ||| coincides with D(A).

In other words V|[z, Az] € T'(A) Jz, € D:
[, Azy| — [z, Az] .
Clearly, A|D = A.

Proposition 8.
Co*(I) :=A{f € C=(I), f(0) = f(1) = 0}

s a core of A.

Proof. Let g € D(A). (In particular, g(0) = ¢g(1) = 0.) Then ¢ € Ly and
Af, € C°(I) : fr, — ¢ in Lo.

15



The problem is that fom fn is not in H; (although C*). Consider

)= [ fa-r [ e = pia
Then . .
G%zfn—/o fn—>g’—/0 9 =9-9(1)—g0)=¢
(convergence in L) )
G, / g +2(g(1) - g(0) = g

(again in Ly).

Summarizing: A = A C A*; D(A) = H}; D(A*) = H; D(A) # D(A*).
We will find a family of operators B such that:
ACB=B"CA"

These are called self-adjoint extensions of A.

Exercise
For z € C\ {0} let A, be the operator —i-L in Ly(I) with domain

D(A.) ={feH": f(1) =2f(0)}.

Prove that
(A.)" = Az
Solution
Clearly, Vf € D(A,), Vg € H*
. ]- N AN
(Af.9) = (F.=ig) + = £(0) (29(1) = 9(0)) - (2.1)

1)D(A%) C D(Ay)z).
Let g € D(A%). Clearly, A C A, and, therefore, AZ C A*. So, for ¢ € D(AZ) the

ES

adjoint operator acts in the standard way: Alg = —ig'.

Thus, for any f € D(A,)

0=(A:f,9) ~ (f, A%9) = + (0)[=9(1) ~ 900

In particular one can take f(z) = e’ with e* = 2. Since f(0) # 0,

and g € D(Ayz).
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2)D(Ay)2) € D(AZ).
Let g € D(Ay/z). Then the second term in the r. h. s. of (Eérl t} %s zero. Thus,
Vfe D(A,)
(Azf7 g) = (f7 _Zg/>
and, therefore, g € D(AZ).
Corollary.

2| =1 = Al =A,

Thus,

AC Ao =A% C A"

We will prove later that
1)All self-adjoint extensions of A have this form.
2)For different 0 € [0, 27) the spectra of A, are different.

Definition 9. A is essentially self-adjoint if A is self-adjoint.
Remark. In this case A is the unique s. a. extension of A. (Exercise: Explain !)

Information

d

—i—

dz
1)In Lo(0, +00) with D(A) = C§°(0, +00) is symmetric but has no self-adjoint ex-
tensions.
2)In Ly(—o00,00) with D(A) = C°(R) is essentially self-adjoint. Spectrum of the
closure is the whole real axis R.

2.2 Operators with complete system of eigenfunctions

Proposition 9. Let A be symmetric, D(A) = H, 3{f,}5°, + Afo = Mfu; fn € D(A)
and { f.} is an orthonormal basis of H.
Then A s essentially self-adjoint.

Proof.
Introduce the operator R )
A:HDDA) - H

with domain

D(A) = {Z Ckkfk : Z ’Qk|2 < 00; Z ’)\kOék|2 < OO}

A(Z . fr) = Z Ak fr

acting via

We are to prove that

17



1. AC A:
Let u =Y ayfx € D(A). Then (Bessel) > |ax|* = ||u||* < co. Moreover,

Au fk Za]fj fk
(symmetry)
= () aifi Afe) = O aifi Mefe) = Mvcu
(Clearly, Ay € R). Thus, ||Au|]* = [A\rax]? < oo.

2. A is closed. )
Reminder: Spec(A) # C = A is closed.
Let A = U2 {\;}. Since all A\, are real, A®is not empty. We will show that

ze N° = z¢SpecA

(i. e. (A — 2I)~"! bounded and defined everywhere)
Introduce B : H — H:

Z&nfn = Z A, _an

where u is an arbitrary element of H; ||u||* = >_ |a,|* < co. Since supy, [\, — 2| > € > 0,
the Lo-sum at the right is well-defined:

Clearly, B is bounded (||B|| < ¢e71).
Moreover, R(B) = D(A):
C - obvious (check the estimate!)
D:
Let v = 3 oy fn with 32 |y |? < 00 and 3 [Apan|? < 0o (i. e. v € D(A)).

Clearly,
Z an n n

and the r. h. s. is well-defined since

Z (A = 2)|? < 22(‘0%)%’2 + [2]%|an]?) < oo

Now R X
BA-—zl)=(A—-zl)=1
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and z ¢ SApeC 121._
3. A=A

This is the simplest part: R
Let P = > arfr, Y. Marfi] € T'(A) Then P =1lim P, in H & H, where P, € I'(A)

with . .
Po= > axfi, > Aranfi]
1 1

4. (A=A

It suffices to show that (A)* C A.

A

Let g € D(A)*.
Then R A
(Afn,9) = (fa, (A)°g) =2 cn

~

Since ¢, is the n-th Fourier coefficient of (A)*g € H one has

Z |Cn|2 < o0

On the other hand K

cn = (Afn,9) = Anawn
where a,, is the n-th Fourier coefficient of g € H. Thus g = >~ o fr with Y- |, |* < 00
and Y [\ an|* < co. Therefore, g € D(A).

EXAMPLES

2.2.1 Dirichlet problem on I

A=~ in Lo(I); D(A) = {f € C°(1): £(0) = (1) = 0}

A is essentially self-adjoint.

2.2.2 Harmonic oscillator

A= —% + 22 in Ly(R).; D(A) = S(R) (rapidly decreasing C*°-functions).

22

fe(w) = Hy(z)e™ >
where Hy(z) = (—1)%e*” (%)k e~ is the k-th Hermite polynomial.

REMARK

Everything could be checked by bare hands.

1) f are eigenfunctions: direct simple calculation.
2)Orthogonality: follows from symmetry of the operator
3)Completeness is the only difficulty. Let f is orthogonal to all fj.
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Obviously the linear span of the first £ Hermite polynomials is the space of all
polynomials of degree n. Thus,

+o0
flx)a"e ™ Pdr =0
forall n =0,1,... Consider

F(z) = /+OO e fz)e ™ Pd

o0

Then F(z) is entire and

[e.9]

Fe) =Y ( /_ :o 2 f(:c)eIQ/Qda:> -

n=0
In particular, F'(—it) = 0 for any real ¢t. But

F(—it) = /+OO e~ f(x)e ™ Pd

o0

is the Fourier transform of f(z)e**/2. Thus, f = 0.
A is essentially self-adjoint.

End of Lecture 4
Lecture 5

Remark:
RELATIVELY HARD THEOREM (H. Weyl):

d2

A= " (dx)?

+q()

with D(A) = C{°(R) is essentially self-adjoint in Ly(R) if (continuous) ¢ is bounded
from below.

HARD THEOREM (D. B. Sears): If ¢(x) > —Q(z) with positive, even, not decreas-
ing (for x > 0) function @ such that

/+oo dx
=00
—o /Q(z)
then A is essentially self-adjoint.
Proposed as theme for a presentation at the end of the term.
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2.3 Main example of the course: multiplication operator
(M, Q, 1) - measure space (2 is a o-algebra; p is a positive measure).

a:M—R
is a measurable function such that |a(m)| < 400 a. e. (almost everywhere).

A Ly(M,p) D D(A) = Lo(M, )
D(A) ={f € Lo(M, ) : af € Lo(M, 1)}
Af=af

Proposition 10. The operator A is self-adjoint.

Proof.
1. D(A) is dense

Let fLD(A). Let x{q<n} be the characteristic function of the set
{m e M :|a(m)| < N}

Clearly,

X{la<nyf € D(4)
(because axyjaj<n}f =is the product of a bounded function (axy<n}) and a function
from Ly (f) and, therefore, belongs to Ls).

Thus, for any N
02/ fX{|a<N}f:/ |17
M la| <N
and, therefore, f =0 a. e.
2. A= A" Let ge D(A*). Then VF € D(A)
(Af,g9) = (f, Ag)

| ata= [ 177

Take f := X{aj<n}h With an arbitrary h € L,. (As explained above f € D(A) .)

This gives
/ @hz/’ gh
la|<N la|<N

aQ:A_*g

or

for any h € Ly and, therefore

on |a| < N and, therefore, ag = A*g a. e. and, therefore, ag € L, and g € D(A).
Thus D(A*) C D(A) and therefore, A = A*.

INFORMATION

Very soon we will start proving THE MAIN THEOREM of the course (and one of the
main theorems of the whole functional analysis): ”the spectral theorem for self-adjoint
operators”: any s. a. operator is unitary equivalent to the multiplication operator
corresponding to some function a(-) and (M, Q, u).
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2.4 Friedrichs extension of a positive symmetric operator

Let A be symmetric, D(A) = H, and let 3y > 0: Vu € D(A)

(Au,w) > 22]jul? 22)

Energetic norm on D(A):
Define
[1[ull]* == (Au, u)
on D(A).
Check axioms of norm:
D|||lul]| =0<=u=0
2)[[ | Xl [} = AL [ ]
3w+ oll] < [lfwll] + [Ho]l]
Only the third is not immediately obvious. Fairly standard:

(A(u +tv),u+ tv) = (Au, u)t* + 2R(Au, v)t + (Av,v) >0,
therefore,
(Ru,v)? < (Au,u)(Av,v) (2.3) [neq

and
u+|[]* = (A(u+ v), u+v) = [|[ull]*] + [[[o]||* + 2R(Au, v) <

[l + ol + 2(lul[] ol = (Hulll + [lellD*
Remark. For future use let us notice that considering (A(u + itv),u + itv), one

shows that ($(Au,v))? < (Au,u)(Av,v) which (together with ()‘Z‘g)) gives

|(Au, v)|* < 2(Au,u)(Av,v). (2.4)

So, one can consider completion, E, of D(A) in ||| - |||. The main observation is the
following: each element of this completion E can be identified with an element of the
space H. More precisely, there is a continuous injection

j:E—H
and F can be identified with a linear subspace of H dense in the standard || - || norm.
For any e € E = j(E) C H one has
1 .
llella < Z|llell]e - (2.5) [int
f‘)/
Now let us give the full details.
Due to (2.2) there is a map
{Cauchy sequence € D(A) w.r. t. |||-||| }—heH

One has to prove
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1. Equivalent Cauchy sequences are mapped to the same h € H
2. If two Cauchy sequences are mapped to the same h € H then they are equivalent
Proof:

1. This is trivial:
Let u,, v, two Cauchy sequences from D(A) w. 1. t. ||| -|||. Such that u, ~ v, (i. e.
|||tn, — vnl|| = 0). Let u,, — hy, v, = he in H. One has

1ha = hal| = [lh1 = wn +un — v = (ha = )| < ([l = wn|| + |[h2 = va]| + |Jun — vnl] <

1
11 = ] {172 = vl 4 Z[fun = oafl} = 0

as n — 00.
2. That is somewhat unexpected.
We have to prove that for a Cauchy sequence w, = u,, — v, (w. r. t. ||| -]|])

[[wn]| =0 = [[Jwnll| =0

but inequality (2.5) has the opposite direction! However:

[ lwnlll = llwnlll | < i = wnll] >0
and, therefore,
[|wnl|| = o
Now consider
(Aw,, wp,)
One has
(Awy, ) = (Aw,, wy) + (Awy, Wy — wy,) = ||Jw,]||? + (Awy, wp, — wy,) =

=a+o(1) + (Aw,, wy, — wy,)
Due to (B%f%
[(Awn, Wi = w,)| < V2| wa[[ [[[wn — walll = V2(a + o(1))o(1) = o1)

as m,m — 0o
On the other hand for a given n

(Aw,, wy,) =0

as n — oo (since w,, — 0 in H). This implies a = 0.

Example to keep in mind when thinking on energetic space
Let © be an open domain in R"; A = —A+1; H = Ly(R2), D(A) = C* ().
For u € D(A) one has

(Au,u) = (—Au,u) + (u,u) =

(since u|0Q2 = 0)
= (Vu, Vu) + (u, u)
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Thus, the energetic space is the closure of C§°(£2) in the norm

alll? = (Vu, Vu) + (u, u)

and that is the Sobolev space HJ ().

Thus, we have a Hilbert space FE
ECH

with norm
lelll = lim {[un|

and hermitian product
<<67 f>>E = hm (Auna Un)

n—oo

where u,, v, are ||| - |||-Cauchy sequences from D(A) defining e, f € E.

Exercise: Using polarization identity, prove independence of the hermitian product
(and, therefore, the norm) from the choice of Cauchy sequences.

End of Lecture 5
Lecture 6
Friedrichs construction of a self-adjoint operator

General setting for Fiedrichs construction:

e two Hilbert spaces £ and H with hermitian products (-, ) and (-, )g

e continuous injection
j:E—H

with dense range (so, one can identify £ with a dense linear subspace of H).

Once one is in such set-up?, Friedrichs construction leads to a linear self-adjoint operator
in H.

We are to define the operator A (notation shows that it is related to the operator
A that was used to construct E, but, in general, we are in the just described general
setting (having no need in the initial operator A).

Step 1. Define
D(A) :={e € E: the functional (e, -) is bounded in H}

(i. e. (e, f) < C||fl|lg for any f € E, and , since E is dense in H the functional
can be extended to all H as a bounded functional [.(+)).

Step 2.
2Equivalent point of view: Hilbert space H, positive closed sesquilinear form a (”closed” =" D(a) =
E is dense in H (w. r. t. norm in H) and complete w. r. t. the second hermitian product
() =a(--)); "positive” = "injection is continuous”="a(u, u) > v*(u,u)”)
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Riesz theorem implies

for some z € H. Define

Remark: For the special set-up arising from positive symmetric operator A
ACA.
In fact, if e € D(A) C E then
(e, uh] = |(Ae, u)| < Cllulla
for any u € D(A) and, therefore, e € D(A) and A(e) = Ae.
Properties of A

Proposition 11. One has

1. A: D(A) — H is a bijection. (In particular, D(A) is much bigger than {0} which
is not immediately obuvious in the general setting.)

2. (A)~' is bounded

Proof.
1a) Injectivity:
Let e € D(A), so, (e, -)) is bounded in H. Thus,

lle; EIII2 = (e, e) = (Ae,e) < || Ae; H|[||e; H]| <

(ll7e; H|| < Cl|le; E||| for general setting, C' = %, l|lell] > 7||e]| for the special set-up
related to a positive symmetric operator A)

- 1
SHAe;HHH!e;EH!; (2.6)

and, therefore, R
[ Ae; H|| > Alle; £l

which implies injectivity.

1b)Surjectivity:
Choose any h € H. Then
<h> )H

is an antilinear functional bounded not only in H but in E! Namely, for any e € F

1
(h,e)u < ||h; H]||||e; H|| < IIh;HII;Hle;EHI
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(or, in the general set-up: for any e = je
(h,je)u < [lh; H|[|[je; HI| < [|h; H|[ C|l[e; £]]])

Thus, Riesz theorem (applied to E gives

(h,e) = (h,e)

for some h € F and any e € E. Therefore h Cth(fl) and A(h) = h.
2)Boundedness of (A)~! is equivalent to (;éi

And now the main statement:

Proposition 12. The operator A with domain D(A) is self-adjoint:
(A =4
Proof.
1) A is symmetric:
Let ey, e5 € D(A).
Then

(€1, e2)) p = (121@1762)111 = ((eg, 1)) p = (A€2a€1)H = (61712162)H

A ~

2) D((A)*) C D(A):
Let f € D((A)*. Since A : D(A) — H is a surjection, one has
(A) f = Ae

for some e € D(A). A
Now for any w € D(A)

~

(A) fow) = (f, Aw) = (Ae,w) =

due to symmetry of A
= (e, Aw)
Thus, R )
(f, Aw) = (e, Aw)
for any w € D(A). Since R(A) = H, we get f = e and f € D(A).

Remark. Notice that we have just repeated the trick from the proof of criterion
of self-adjointness from page 11. In fact, we could simply refer to this criterion with
B=Aand A =0.

Remark. Did you notice that the previous proof contained a serious gap?

Of course, if A came from A then, as we have showed, D(A) contains D(A) and,
therefore, is dense.
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But in general setting (when there is no operator A) part 2) of Proposition 12 makes
no sense: we did not prove that D(A) is dense and, therefore, had no right to introduce
the operator A

So, let us accurately analyse definition of D(A).

We have the bounded injection

j:E—H
with dense range. Introduce the adjoint operator

j :H—>F
via

(5", e) g = (h,je)n
(since, [[77R|| = supy =1 {5, €) = sup(h, je) < |[j]|[|2]] it is bounded). Clearly, the
range R(j*) is dense. (Assume that e; LR(j*), then for any h € H
0= (]*ha 61) = (hajel)

and he; = 0. Thus, e; =0.)
This implies that the range R(jj*) of the composition jj* : H — H is also dense:

(Let h € H then for any € > 0 Jey € E and 6 > 0 such that ||jeq — h|| < € and for
all e € E such that
lle — eoll] <&

one has
|17(e) — hl| < 2e

(density of R(j) + continuity of j!)
But Rj* is dense, so 3hy € H such that ||j*h; — eg|| < 0. Thus,

|75 h1 — hl| < 2e
and R(j7*) is dense.)
To prove that D(A) is dense it remains to observe that

Lemma 3. One has

~

D(A) = R(jj7)

This is in fact a tautology (directly follows from the definitions).

DA)={h=je:3h € H Ve, € E {e,e1)) = (hu,jer)u}
Thus, e = j*hy and h = jj*hy.

Self-adjoint operator of the Dirichlet problem
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=0

u

{—Au—l—u:o in

o0
Let  be an open domain in R"; A = —A+1; H = Ly(2), D(A) = C°(Q).

B = 1i(©)
(u,v)) = (Vu, Vo) + (u,v)

D(A) = {u e H:(Q) : 3f € Ly(Q) : Yw € HL(Q) (u,w) = (f,w)}

In other words:

D(A) = {u e H(Q) : Au € Ly(Q)}

(Elliptic theory: for smooth 9Q: u € Hg(2) and Au € Ly (in the sense of D'(Q2))
then v € H%(Q2). In this case D(A) = H}(Q) N Hy(Q))

Self-adjoint operator of the Neumann problem

ou =0

{—Au+u:0 in
CRAPY

Apply general Friedrichs construction to (H'(2), Ly(Q2)) (no starting operator A).
(Or, consider the closed positive form a(u,v) = (Vu, Vv) + (u,v) with domain H*'(12).)

D(A) = {ue H'(Q) : 3f € Ly(Q) : Vw € H'(Q) (u,w) = (f,w)}

It can be shown (using elliptic theory) that for smooth 9€:

D(A) = {u e H*(Q) : up|oq = 0}

3 The spectral theorem

3.1 Resolvent

3.1.1 General properties of the resolvent

Let A be a closed (otherwise Spec(A) = C and all the statements below are void
(although correct)) operator, A: H D D(A) — H.

Proposition 13. The spectrum of A, Spec (A) is closed. If zy € Spec(A)® and ay =
[[(A — 200) 7| then

Spec (A) N{w : |[w — 2| <é}:@.
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Proof. We start with formal calculation:

1 1 1

A—z A—2z—(2—2) (A_ZO)[I_ﬂ}

A—2g
00 1 n+1 .
:Z(A—z()) (z — 20)

n=0

Now let
B=(A—zI)™

C .= Z B (2 — z)"
n=0

(clearly, the latter series converges for |z — 2| < ﬁ)
Step 1.
Play with power series: (w := z — 2g)

wBC =wB*+ w*B*+..-=C - B=wCB

Remark. Compare this with resolvent identity from Proposition 14 below.

(In particular, one gets Ker C' = Ker B (= {0}!); R(C)= R(B) (= D(A)!):
Since wBC' = C — B, Ker C' C Ker B and R(C) C R(B).
Since wCB = C — B, Ker C' D Ker B and R(C) D R(B).)

Remark. Clearly, the above relations with Ker-s and R-s of the resolvent (see the
definition below) are true for any 2o, z belonging to the same connected component of
the complement of the spectrum.

Step 2.
We are to show that

CA—zl)=(A—=z)C=1
Let x € D(A) and

(A—z)x =y
i. e.
r = By.
Let us use the relation
wCB=C—-1DB.

with w = 2z — z5. One has
wCr =wCBy=Cy—By=Cy—=x
Cly—wz)==z
C((A—2z)rz—(2—20)x) =2
and
C(A=zzx==x.

Prove (A — zI)Cz = z as an exercise.
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Resolvent (analytic operator-function on (Spec A)°):

R(zA) == (A—2D)~"

Resolvent Identity

Proposition 14.

R(z; A) — R(w; A) = (z —w)R(z; A)R(z; w) (3.1)

End of lecture 6
Lecture 7
An example of application of the resolvent identity

Riesz projector. Let A be a closed operator and let v C C be a positively oriented
closed contour such that v N Spectrum (A) = (). Introduce the bounded operator P :

H — H via .
Pi=—— ‘A
5 R(z; A)dz

Then P is a projection, i. e. P? = P.
Proof. Let d be a ”slightly shrunken” ~ still lying in the complement to the spectrum
and not intersecting ~.

pP? = (2%)2]?(@/1) dgﬁR(z;A) dz = (2%)27{7{”3(4; A)R(z; A)d(dz =

(now use resolvent identity)
1)\? 1
- (g_m> j{]gxﬁ o C(R(Z; A) — R(¢; A))d¢dz =
(LY . d¢ , dz
_<2_7rz) []{R(z,A)dzjgz_C—éR(g’A)dgjgz_c

_ (2%)2 [0 _ ng(g;A)dg (2m’)} _p.
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Proposition 15.

LR(:: A) = [R(= A7)
Proof. .
R(z;A)=C = Z(z — )" Bt
d = n—1 pn+l
ER(Z; A) = Zn(z —2)" T B"T =
<Z(z — zo)"B”“) (Z(z — zo)"B”“) .

The last equality follows from the same equality for ordinary power series:

(i) - (7o)

(Plug 8 := b~'; since all the powers of the operator B commute, the identity with 3
remains true with S replaced by B.)

3.1.2 Resolvent of a self-adjoint operator
Proposition 16. Let A: H D D(A) — H be a self-adjoint operator. Then
1. SpecACR
2. R*(z;A) = R(z; A) for z € C\R.
3.
1
Rz

1R(z; Al <

Proof.
Key calculation for self-adjoint operators:

Let z =z +iy; |y| > 0; A= A*, u € D(A). Then (please, check!)

1(A = zDul]* = [[(A = 2)ull* + y*|[ul* > [y[*[Jul]* (3.2)
Thus, A — 21 is an injection and (A — 2I)~!: R(A — 2I) — H is bounded.

Lemma 4. R(A — z1) is dense, R(A—zI) = H.
In fact, let g L R(A — zI) then for any x € D(A)
0=((A-zl)z9)
stl

and g € Ker (A — zI)* = Ker (A — zI) = {0} due to (E‘ZT

A = A* is closed, therefore T'(A — zI)~! is closed and, therefore, R(A — zI) being
dense should coincide with H (explain!). Thus (A — 2I)~' : H — H is bounded. So 1)
and 3) is proved. 2) follows from exercise 2 on page 11.
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3.2 Proof of the spectral theorem

3.2.1 Functions analytic on C, with positive imaginary part
Let A: HD D(A) — H, A= A*, f € H and let
®p(2) == (R(z A) S, f) -
Let Hy = {z € C: 3z > 0} (similarly for H_).
Lemma 5. The function ®; satisfies
1. Oy is analytic in C\ R

2. &y :Hy — Hy (the most important!)

3 |(I>f(z)] < [Lf11?

RE

4 Pp(2) = 04(2)

Proof. 1) See Proposition 15.
2) Since R(A—z2I)=H, f = (A — zI)g for some g € H

(R(2)[, f) = (9, (A= 2l)g) = (9, Ag) — =(g,9)
The first term at the right is real, the sign of the imaginary part of the second term is
the same as the sig eg&%z.
3)Follows from (3.
4)

Dy(z) = (f, R(2)f) = (R*(2) [, [) = (R(2)f, f) = P4(2) -
Spectral Theorem

Theorem 1. Let A be a self-adjoint operator in H. Then there exists a measure space
(M,Q, 1), a measurable real-valued function f : M — R and a unitary operator U :
H — Ly(M, p) such that A =U"'m;U, where my is the multiplication operator

Ly(M,p) 2 ur— my(u) = fu € Ly(M, p).
Remark. How the measure u appears? Informal answer: through
Herglotz theorem!

The analytic background: holomorphic function ®(z) maps upper half-plane into
itself: all such functions are well-understood analytically: Roughly speaking:

1

r—z

Gy 2 2>

for x € R is such a function; moreover, it is clear that any combination

/R pedo(z)
32



with finite Borel measure do on R is such a function. Herglotz theorem says that any
such function (if it vanishes at +ioo) can be represented as the latter integral. The
measure space ) will be a countable disjoint union of real lines (each of them provided
with its own Borel measure do given by Herglotz theorem). The function f(x) will
coincide with f(z) = x being restricted to each real line.

Remark. The most elegant proof (and the most natural) of the Herglotz theorem
uses Krein-Milman theorem (roughly speaking, functions ¢, are extremal points of the
set of all analytic functions in H with positive imaginary part). The most standard
short modern proof is based on Banach—Alaoglu theorem (closed unit ball of the dual
space of a normed vector space is compact in the weakx topology). We will give an
old-fashioned proof based on Helly theorem for Stieltjes integrals (which in fact is a
specialization of Banach-Alaoglu).

Proposition 17. (Herglotz Theorem.) Let f : H, — H, is holomorphic and let

|-

f(2)] <

function® o : R — R such that

N—

Then there ezists a monotone (non-decreasing

0<o(r)<1

P, 719) =0

lim o(z) <1

r—r-+00

o= [

Tr—z

and

Proof of Herglotz Theorem
(was not shown in class)

Lemma 6. (Schwarz formula) Let f be holomorphic in {|z| < R1} and 0 < R < R;.
Then for any z, |z| < R one has the representation

~ 1 [T Re" + 2 ;

Proof. That is a well-known consequence of the classical Poisson formula (see, e.
g., Ahlfors course in CA), but can be easily proved directly. Analytical reason:

j{ FFmdzy =0
|z|=R

3continuous from the left, i. e. defining Borel measure y = do via u([a, b)) = o(b) — o(a)

form+1—-k#0.
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S
Rewrite the integral in the r. h. s. of (%E% as

N FC S

k
Using Cauchy formula and expanding f(z) = 3 ap2®; f(2) = Y. ap 2", gEz = %Zk:o <§>
one gets

I'=3502f(z) = fO)] +
1 goo z k_l 1 apCr =
271 Z|:R{CkZ:0(C> C} [2 k=0 kC] a
f(Z>—%f<O)+CLO_%:
f(z)—%())—i-@: (2) = i3£(0)

Theorem 2. (Herglotz, F. Riesz). Define the class (a. k. a. the class of pseudopositive

functions)
C(arathéodory) = {f : f is analytic in D = {|z| < 1}, f(D) C {w: Rw > 0}} .
Then

1 [T e? 42
€l <= =4i3f(0) + — ‘ d ,
/ 12 = i350)+ 5 [ G (o)
where o is a non-decreasing function of bounded variation on [—m, 7| or, what is the
same, do is a positive finite Borel measure p on [—m, 7|: o(z) := u(|—m, x|, o is contin-
uous from the right, Var’(c) = p([a,b]); the Sticltjes integral appearing in the r. h. s.
is just the integral w. r. t. u).

That is an almost immediate consequence of the Schwarz formula and Banach-
Aldoglu theorem (unit ball in the dual space (space of finite regular (u(F) = inf p
("bigger open”)=sup p ("smaller closed”)) Borel measures) on [—m, 7| to a separable
Banach space (C([—m,n]) is compact in weak-*-topology (see Rudin, R&C Analysis,
11.12 ans 11.19), in Stieltjes language the latter is usually replaced by (old-fashioned)
Helly’s theorems (”the first” and ”the second”).

Namely, let f € €. Then for |z2| < R < 1

1 [T Re :
F2) = i300)+ 5 | T RA(Re) do

F(R2) = iS(0) + %/ﬂ iz (/

L €0 — 2

and

’ R f(Re“’)d@)

Consider the family of monotonously growing (non decreasing) functions

¢ .
or(®) == / Rf(Re)do
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2] <R<1.

Obviously, it is uniformly bounded
or(9)] < / Rf(Re”)do = 2rRRF(0) < 20Rf(0)

(Rf is harmonic, mean value theorem for harmonic functions is used). Thus (Helly),
dRy — 1 and (non decreasing) o: o, — o at the points of continuity of o (in particular,

a. e.) and
T e 42 T e 42
| St — [ S st

%E
The most elementary proof of Theorem [2:

It is really striking but one could avoid any reference to Helly’s and B-A’s theorems.
The following ingenious trick can be found in Simon’s recent book on Loewner Theorem.

Lemma 7. Let ¥ C C(T), and let F is dense in C(T). Let u, be a a family of probability
measures on T and let

Voed d3lim [ ¢du, .
r—1— T

Then there exists a probability measure p on T' such that

Vg€ C(T) lim /gdur:/gd,u
r—1— T T

Proof. Clearly, Vg € C(T) 3lim,_,1_ [, g dp,:

/gdun —/gdun
T T

§3§:6

=| [ta - odne ~ [ta =00 du+ [ ondi, ~ [ onae

I(g) = lim gdp,

r—1—

1(9)] < |9/l
l(g) >0 if g>0
Now R-M Theorem implies I(g) = [, g dp.

Lemma 8. Let K(w, z) = 2. Then the linear span F of functions
0 K(e" 2)

and
0— K(e?, z)

with z € {|z| < 1} is dense in C(T).
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Proof. One has .
K(ew, z)=1+2 Z e mnd
n=1

Derivatives ¢ dz)nK (e®, z)) (represented as limits) are in in the closure of the span,

so all €™ (n > 0) and there conjugates are in the closure of the span, so the statement
follows from Weierstrass theorem fog_glgonometrlc polynomials.
Now applying Schwarz formula ﬁ) to ( f(rz) one gets

(rz) / K (e, z)du,(0)

. HR
with d, = 5=Rf(re”)dd and f(rz) — f(z) as r — 1— and Theorem hollows immedi-
ately from the two lemmas above.

Define the class N(evanlinna):
={fe A{Sz>0}): f({Sz > 0}) C {3z > 0}}

Corollary 1.

if and only if

f(z):,uz+l/+/

e U— 2

where p,v € R, > 0 and 7 1s a non decreasing function of bounded variation.

HR
Proof. From Theorem b_

@@):@ﬂ@):ﬁémy+li/ﬂd*ﬂﬂd®

for ®: D — {3z > 0}.
(€D ze{3J2>0}

14z
C_l—z'z
1¢(—1
7= -
1+ 1

Let ¥ € N, then

1¢(—-1, B i [Tt +C,
V) =80 = R0 + o [ G (0)

and

i T 619 + 1+iz
@@:%w@+—/‘y—%%M@
™ 1—iz



u=tanf/2
o 1—u?  2u 1+
14w 14w 1-—iu
do(0) = do(0) + pd(- — 7) = do(2arctanu) + pd = dr(u) + pd,
where > 0 and ¢ is left continuous at +r.
One has

(&

1+iu 141z
i 1 luztl

1+du 144z i
1—iu 1—iz

u—=z

and

Tl tuzdr(u)  1+uz
+
u—z 2 U — 2 lu=to0

U(z) = RY(7) +/

—00

Introduce the class R(esolvent):
R={feN: sup lyf(iy)| < oo}
=

Finally, we get the Herglotz Theorem as a corollary:

Corollary 2.

fer
if and only if
o do(u)
o= [
with non decreasing o of bounded variation.
Proof. From Corollary 1
o0 1 .
yf(iy) = ipy* +vy +y / Y ()
—o U — Y
Therefore,
14 u?
- 2 .2
S(yf(iy) = ny” +y /OO 2 +y2d7(y)
: > u(l —y°)
R(yf(iy)) = vy + y/_oo WdT(U)

and, since f € R,
lyfiy)| < C
I
as y — +oo. From (%.24) and (E%.eﬁra) one gets

p=20
and 5 ,
14w
2 d <C
/A ey 7(y) <

(3.4)
(3.5)

(3.6)

(3.7)



for any A, B and, therefore,

1+u?)dr(u) < C 3.8) [k
R [+t (3:5) [key]
From (%25) and (E?l%)a%ne gets

e -y
L ey TS0

and, therefore,
v= / udT(u) (3.9)
R
Finally, Corollary 1, (%%) and (EEQ) give

f(z2) = /R (1 + u*)dr(u)

u—z

Introduce
k
(see BF)1). Now

as stated in the Corollary.

Exercise. Let f(z) = const = f + iy with v > 0. Clearly f € N. How Corollary 1
works here?

Answer.

B v [(14+uz du
fey=p+2 [

R U—2z 1+u?
(compute the integral via Cauchy theorem).

To restore the measure from f(z) one uses Stiltjes-Perron formula (Akhiezer, Clas-
sical moment problem, p. 155 of Russian edition), cf. attachment to Lang’s “SLo(R)”.
More details will be added.

Proof of the Spectral Theorem
Let us derive the spectral theorem from the Herglotz theorem.
Herglotz = S. T.
End of Lecture 7

Lecture 8
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Choose f € H.
Then ®;(z) = (R(2; A)f, f) is analytic in H; and has positive imaginary part there,

therefore,
do(x
@@%Z/ @)

r—z

due to the Herglotz Theorem.
Define the closed subspace, H¢, of H via

Hy = LinSpan ({f} U{R(z;A)f :2z€ C\ ]R})
We will construct isometric isomorphism
U:Hf— Ly(R,do)

Define

(3.10) [isom]

Uuf + Z NR(zi; A)f) =

Clearly, expression at the right gives an element of Ls(R, do).

Lemma 9.

||Mf+z>\Rzz, fH||—||M+Z (R, do)]| -

=1

Since

1> will? = ZHvl||2—|—2Z§va,vj (3.11) [Sqn
=1

1<j

it suffices to show that

1.
1 do(z)
(R(z, A)f, flu = (j» 1) Lo(Rdo) = /R p—
(and that is already done (= ®¢(2)),
> 1 1 do(x)
o(x
- A AV = -
(R A) . Rws AN = (= e = | =
(relatively easy consequence of the resolvent identity),
3.

(f, N =11 ®de) = / do

R
and that is the most tricky.
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Let us prove 2):

(R(z A)f, R(w; A) f) g = (B (w; A)R(z; A) f, f) = (B(w; A)R(z; A) f, f) =

(by the resolvent identity)

(using Herglotz)

Now 3):
Naive idea:

([ —ieA]7 f [T —ieA] 7 f) ~ (. f)
for small e. Since A is unbounded, seems wrong. In fact, works!
One has
o1 1 1
[[ —icA]” = ——R(—;

i€ i€’

A)
and

(1 —ied] 1.1 —ieAl ) = 5 (RO AV R A)) =

Som €2 i€ i€
due to items 1) and 2) and (%91'1)
1

€2

).

Now it is obvious that the right hand side has the limit (= [, do) as e — 0 (due to
Lebesgue:

2

! do(x)

1 —ex

2
<1

1
1 —ex

and 1 is a summable majorant (do is a finite measure!))
What about the left hand side? It turns out that [I — ieA]~! f] converges:

[ —iet A7V f — (I — i A7 f]]? =
due to 1), 2) and (Egﬁ)

-

2

1 1 1 1
do(xz) — 0

. 1 N 1
1€ T — 5 169 T

1€2
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as €1, € — 0 (due to Lebesgue Theorem). Thus,
ger=[ —ieA]"\f =g

with some g € H as € — 0.
One has
[[ - iEA]gE = f

and
Alieg) =ge—f—=9— [
But ieg. — 0 as € — 0. Thus, [0,g — f] € I'(A). Since A is closed, g = f, and

(= [ do.

as was stated.
Lemma 10. The range of U is dense:
R(U) = Ly(R; do) .

Proof. Clearly, R(U) contains constants and fractions - with z € C\ R.
Moreover, since

(lim is taken in Ly(R;do)), the closure R(U) contains contains all rational functions

pm(ﬂf) — . Ak,l
o)~ TGy

with m < n and poles lying outside R.

Clearly, the set of such rational functions forms an *-algebra (check!) of continuous
functions on one-point compactification, R, of R (one can think about this object as S*)
which separates the points of R and vanish at no point of R. Due to Stone-Weierstrass
theorem this set is dense in C(R) (in uniform norm) and, therefore, any function from

C(R) can be approximated by such rational functions in Ls(R, do)-norm. In particular,

R(U) D Ceomp(R) .

/Rmfdazo
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for any m € Ceomp(R). Since f € La(R;do) and do is a finite measure, f € Li(R;do)

and fdo is a (comlex-valued) measure du:

/Rgduz/Rgfdo

Vg € Ceomp (R)/gduzo — u=0

and, therefore, f = 0 a. e. with respect to do. Thus f = 0 as an element in Ly(R, do)

and the lemma is proved.
These two lemmas immediately imply that

. . ‘Som . . . .
Proposition 18. The map (L? 10) extends to isometric isomorphism

U:Hp— Ly(R,do)
Lemma 11. For any z € C\ R
R(z;A)H; C Hy .
Proof. For z # z; we have from the resolvent identity:

1

Z — Zk

R(z; A)R(z; A) f =

(R(z;A)f — R(zi; A) f) € Hy .

For z = z;, one uses Proposition 15 (derivative of the resolvent)

R(z: A)R(:: A)f = - R(z A)f = lim —— (R(5 A)]

w—z 2 — W

Crucial fact

— R(w; A)f) € H; .

Resolvent operator, g — R(z; A)g, in Hy is unitary equivalent to the operator of the

multiplication,
1
—>
8(z) > ——(a)
by the function = in Ly(R,do).
Lemma 12. Let z € C\ R. Then
UR(z;A) = U

=z
rerepr
Proof. It suffices to check (%3 IZE on a dense set.

UR(: A) (1 + 32 MRz A)f) = U (ufR(z: A f 43—

Z — Zk

—'—Z+ZZ—Zk('—Z '—Zk)

- Y ) -

= U + Y MR (5 A))

42

(3.12)

(R(z; A) f = R(z1; A) f)) =

rerepr



End of Lecture §

Lecture 9

End of the proof of the Spectral Theorem

Step 1:
H = &2, Hy,
(Of course, the sum can be finite.)
Let ¢1,¢92,... be a ONB in H.
=0
H = Hy, & Hjy,

Clearly, the orthogonal complement, H le is invariant w. r. t. all operators R(z; A)
with z € C\ R:
In fact, let g € Hfl1 then for any h € Hy

(h, R(z; A)g) = (R(z; A)h,g) =0

due to Lemma 7, and, therefore, R(z; A)g € Hj%l.
Take the minimal integer £ such that

Projy; gi # 0

and put
fo = Proijngk € Hfl1

Then HfQJ_Hfl .
Clearly, (Hy, @ Hyp,)™ is invariant w. 1. t. to all R(z; A) as the intersection of two

invariant subspaces:
1 I L
(Hy, © Hy,)” = Hp, N Hy,

Let | be the smallest integer such that
Proj s, e, )19t 7 0

Take
fs = Proju, ou, )19

and so on.
Step 2: From Step 1, H is isometric to

@211L2(R(k)5 da(k))
and R(z;A) in H is unitary equivalent to multiplication by _Lz in each Ly(R™: do(®).

What happens to D(A) under this isometry?
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Take any z € C\ R. Then

D(A)={h € H :3hy € H such that h = R(z;A)h;}

(A—zI:D(A) — H and R(A — zI) = H - see the statement after Lemma 3, page 30)
Thus D(A) turns into

{Yp € Ly : 3¢ € Ly such that ¢ = —qub}

or, what is the same
{WeLy:(-—2)¢ € Lo}
or, what is the same
{1 € Lojayp € Lo}
I

On the other hand
A=R(z;A)'+21:D(A) — H

and that is multiplication g(z) + zg(x) in @52, Lo(R™: do®). Spectral Theorem
is proved.

4 Kato-Rellich and around

Definition 10. Let o € R. Operator B is called a-bounded with respect to operator A

of
e D(B) D D(A).
e Vxr € D(A) one has
||Bal| < al[Az][ + Cfl]] .
Remark. Clearly,
| Bx|* < o?||Az|* + C*||2]|* = ||Ba|| < of|Az|| + C|]|.
and, since
2001 Aa ol = 200 A2l el < e + () e
one has

||Bz|| < al|Az|| + Cllz]| = [|Ba|]” < (a + €)?||Az[]* + Ci ||
Proposition 19. Let B is a-bounded w. r. t. A and o < 1. Then
A is closed = A+ B is closed.

Reminder: one has to prove that
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Ty = x0; (A+B)r, >y = 0 € D(A+B) & (A+ B)xg =y

Proof. Straightforward:

|| Az = Apn|| < |[(A+B)(@n—2m) = B@n—m)|| < [|(A+B)(@n—zm)|[+]|B(en—am)]] <
(A + B)(@n — 2m)[| + |[Alzn — )| + Cllzn — 2]
Since v < 1 this implies
|Azn — Azp|| < Co(|[(A+ B) (20 — 2| + (|20 — 2ml])
Since A is closed, o € D(A) and Az, — z = Axg. On the other hand, since
1Bz — z0)|| < [ Azn — Awol| + Clzn — o],

Bx,, — Bxg.

Thus
(A+ B)z, —» (A4 B)xg =yo .

Proposition 20. Let A be self-adjoint and let B be symmetric. Assume that B is
a-bounded w. . t. A and o < 1. Then A + B is self-adjoint.

We will be using criterion from page 11:

B — densely defined, symmetric

(ANE€C:R(B—M)=R(B—-\)=H) = B is self — adjoint

We will prove that
R(A+B+icl)=H

for any ¢ > C', where C' is the constant from the estimate

[1B||* < o?[| Az[]* + C*[|[|* . (4.1)

Step 1. R(A+ B +icl) is a closed subspace of H.
This is true in more general case (since A+ B is closed due to the previous proposition
and symmetric):

T - closed, symmetric = R(T — zI) is closed for any z € C\ R.

est

1
As in (3:2) for uw € D(T') one has the inequality
(T = 2)ul* =[Sz |ul
Let z, € R(T — zI), x, = xo. Then z,, = (T — zI)y,, for y, € D(T) and
I

120 = 2l [* = (T = 2) (Y — y)II* 2 192 ||y — Yl *
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Thus, ¥, — 3o and, since T — z[ is a closed operator, yo € D(T') and (T — 21 )yy = .
Thus zg € R(T — zI).

Step 2. R(A+ B +icl) = H.

Let hl R(A+ B +icl). We have to show that A = 0. One has

((A+ B +icl)z,h) =0

for all z € D(A). (Reminder: D(B) D D(A).)
The operator A is self-adjoint, therefore, spectrum (A) C R and, therefore,

R(A+icl)=H.
Therefore,
h=(A+icl)y
with some y € D(A) and
(A+ B+icl)z, (A+icl)y) =0
for all z € D(A). Let

Ti=1y.

Thus,
((A+ B +icl)y,(A+icl)y) =0.

This gives

I[(A+ich)y||* + (By, A+icl)y) = 0.
t2
Now follows simple estimate, using (e.S :

[(A+ i)yl = [(By, A+ icD)y)| < ||Byll||(A+icl)yl|

implies
[(A +icl)y|| < [|Byl|

and
(A -+ ieT)y|l? < 1Byl < o?l| g2+ C2ljyll?

But, due to symmetry of A,
1A +ichyl]* = [|Ayl]* + [ly]* .

Therefore,
(= Oyl < (o® = )| Ay|P <0

Since ¢ > ', this gives y = 0 and, therefore, h = 0.
The same works for A + B — icl, therefore, A + B is self-adjoint.

Self-adjoint Laplacian in R™ (n = 3)
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Consider the Laplace operator

3 82
82

n=1

A=

Let F : Ly(R?) — Ly(R?) be the Fourier transform (reminder: it is a unitary operator):

1 —ix ~
ey /R3 e () dx =: u(y)

(Fu)(y) = o)

One has .
F(;@:ku) =y F'(u) = yri(y)

(cf. - in Section 2.1)

F(—Au) = (3 ) Fu

k=1

_A U y—>z Z yl%Fx—)yu

Let A be the self-adjoint operator of multiplication by 3o_ 42 in Ly(IR?).
) 3
D(A) = {v € L(®) : (Y 4w € L}
k=1

Then A := F'AF(=: —A) is self-adjoint with

D(A) = W3(R?) = H*(R?)

s PRI = [ 1) PO+ o2
C5°(R?) is dense in H?(IR?)
Theorem 3. Let V =V +V,, where Vi € Ly(R?) and Vo € Loo(R3). Then the operator
H=-A+V(x)
is self-adjoint (H : Ly(R?) — Ly(R3); D(H) = H*(R?)).
End of Lecture 9
Lecture 10

Proof. We are to prove that the operator (of multiplication by) V; 4 V5 is a-bounded
w. r. t. —A with o < 1.
The term V5 € L., is of no interest, since

[IVaulls < [[Va]lollull2 < Clfulls -
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(Here || - ||2 is the Lo-norm, || - ||s is the L-norm.)
Thus, let us estimate the norm of |[Vju|| for u € D(=A) = H?*(R3).
Let f(=Va) € Ly, u € C°(R3) (which is dense in H?).

We have ]
[ fullz < (1 f]l2l[ulleo < W\\f\\z!!ﬁ\ll
Reminder: .
— g — N i€e g
u U 2n)7 /R3 w(€)ed¢
1
< R
= LGIL
Moreover,

lalle = (11 + [y~ (1 + [y*)all <

(Cauchy inequality)
<@+ My 7M1+ lyI*)al

converges, that is for 26 > 3/2 or § > 3/4 (and 3/4 < 1 Il!).
Therefore,
lalls < Cl + [y)all

with some ¢ between 3/4 and 1 (strictly less than onel!).
Now follows the central point:
Clearly, for 0 < 0 < 1
P <ex+C (¢)

for any € > 0. (Make a picture: the graphs of #° and ex. Then move the second graph
up, adding C".)
Therefore,

(1+y]?)° < e(L+|y|*) + Cle)
and
|ally < Cll(e(1 + [y*) + C(e)il|2 < C|l |y|*al|2 + C C(e)|ull2 <
< €eCl| — Aullz + Cy(e)|[ul|2

Finally,

1(Vi + Va)ullz < Cel| = Aulfz + C(e)][ul]2,

where Ce < 1 (II!) for sufficiently small e.
Main application:
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with domain H?(R?) is self-adjoint.

1 1
- = X<y T (= Xqin)
with Vi € Ly(R3), Vo € Loo(R3).

Information: With slightly more effort (the same ideas!) one can prove Kato’s
famous result:

(21,...,2,) € R x; € R3. The operator

— A, — — + -
L b T
in Ly(R3") is self-adjoint. (Atom with n electrons and nucleus of the charge +ne; more

precise: essentially self-adjoint on C§°(R®*"). See Theorem X.16 in the Reed-Simon book
(easy reading with your present knowledge).)

1
=Vi+V,

r

5 Von Neumann Theory of Self-adjoint Extensions

5.1 Deficiency indices of a symmetric operator
Let A be a closed operator and let
Yz € D(A) [[Ax]| = cf|x]]

with some ¢ > 0. Then as in Step 1 of Proposition 20 on p. 40 one proves that R(A) is
a closed subspace of H.
Consider an operator B with D(B) D D(A) subject to the estimate

|| Bz|| < al|Az|]
for any x € D(A) with o < 1.
Proposition 21. 1. R(A+ B) is a closed subspace of H,
2. dim R(A + B)* = dim R(A)*
(or, what is the same, codim R(A + B) = codim R(A) ).

Proof.
1. Bis a-bounded w. r. t. A, a < 1, A is closed, therefore, A + B is closed (Prop.
19). On the other hand

(A + B)z|| = [[Az]| = [[Bz|| = (1 = a)[[Az]]

This proves that R(A + B) is closed.
2. Let

H, = R(A+B)*Y; Hy=R(A)™.
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Lemma 13. Let H,, Hy be finite-dimensional subspaces of H and let

Then there exists f € Hy, f # 0 such that f 1 Hs.
(Clearly, in the case dim H; = oo and dim Hy < oo the statement is also true).

Proof. Simple linear algebra: if m < n then a homogeneous system

n

d (foog)rr=0; 1=12...m

k=1

(where {fi} is a basis in Hy; {¢;} is a basis in Hs) with m equations and n unknowns
always has a non-trivial solution.

Now assume that dim Hy > dim H;.

Using lemma, consider f € Hy = R(A)Y, f # 0 such that f1H, = R(A + B)*.
Since R(A + B) is closed, f € R(A+ B), therefore,

f=(A+DBy
with y € D(A). In particular (since f = (A + B)y € R(A)1),
(Ay,(A+ B)y) =0
and
0= [|Ay||* + (Ay, By) > [|Ay|]* — ||yl [|Byl| = (1 = a)l|Ay[[* = c(1 — )|y

Thus, y = 0 and, therefore, f = 0 which gives a contradiction.

Assume dim H, < dim H;.

Using lemma, take g € R(A + B)*, g # 0 such that gL R(A)*. Then g € R(A),
g = Ax for some x € D(A). Thus

(A+ B)z, Az) = 0

and x = 0 as before. Thus g = 0 and we get a contradiction.

Immediate application to symmetric operatox&;ti2

Let A be a closed symmetric operator. Then (as in 4.T; symmetry suffices there, no
need to require self-adjointness)

(A = zD)a]] = [S2][|z]] -

Therefore, R(A — z) is a closed subspace of H for 3z # 0.
Define
B, :=dim R(A — 2I)*.

Now it is clear that

B, is constant in the upper and the lower half-planes.
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Proposition 22.
B.lsz>0 = consty;  B.ls.<o = consty

In fact
A—zl=(A—2l)+ (2 — 20)1

(A = 20 D)z[| =[Sz [[]]

Thus, consider

.A = A — ZOI,
B = (z— 21
and make use of Proposition 21.
One has
|z — zo|
1Bl = [(z = 20)]| = |z — 20l [|z]| < 2] I(A = z0)z]| < af|Az]]

for
|z — 20| < Sz .

The rest is standard. Take two points in H, and a contour v connecting them and lying
in H, , v is compact and covered by disks, take finite sub-covering, etc.
Now one can introduce the following definition.

A closed symmetric operator
ny :=dim R(A — A% A <0
n_:=dim R(A — AI)*; SA>0

0<mn <+

Definition 11. (ny,n_) are called deficiency indices of a symmetric closed operator A.

Reminder

D(T)=H
H =R(T) ® Ker T*

Proposition 23. 1. A=A = n_=n, =0
2. If A is a closed symmetric operator then
ng=n_=0= A=A"
End of Lecture 10

Lecture 11
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Proof. 1. One has
H=RA—il)®Ker(A—il)" = R(A—il)®Ker (A+il).

On the other hand R(A + iI) is closed and Ker (A + i) = 0 (||(A + ) X]|| > ||z|])-
Therefore, R(A —iI) = H and n_ = 0.

Similarly, R(A+il) = H and n, = 0.

2. One has R(A+il) = R(A—il) = H (since both are closed with zero orthogonal
complement; closeness of A matters!). Criterion of self-adjointness (page 11) implies
A= A"

Once again:

A symmetric, closed (densely defined)

ny,=n_=0A=A"

Remark 1. )
n, = dim R(A — M\ )* = dimKer (A* — XI); A <0

n_ =dim R(A — AI)* = dimKer (A* — X\I); SA >0

5.2 Self-adjoint extensions of symmetric operators

From now on A is a closed symmetric operator.

Reminder 1. D(T) = H; H = R(T) & Ker T*:
y € R(T): <= Vo€ D(T) (Tz,y) =0 <= y€ D(T*)and T*y =0 <= y € Ker T*

Reminder 2.
ny = dim R(A +il)* = dim Ker (A* — i)
n_ = dim R(A —il)* = dim Ker (A* + i)
(dim R(A — AI)* is independent of A with S\ < 0 and coincides with n,. Take
A = —i, etc.)

Definition 12. Introduce the closed subspaces

K, = R(A+4I)*" = Ker (A* —il) C D(A*)
K_ = R(A—il)* = Ker (A* 4+ 4I) C D(A*)

Clearly,
Ve e Xy Az =+tix

Proposition 24. Let Ay be a closed and symmetric operator such that
ACA.

Then
A C A*
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Proof.
Al DA = A CA".

But A; is symmetric, so A; C Aj. Therefore, A; C A*.
Thus,

Domains of all symmetric extensions of A are subspaces of D(A").
A* extends any symmetric extension of A.
Therefore, D(A*) is often called the mazimal domain.

Reminder 3. A" is not symmetric if A is not self-adjoint.
(Clear: If A* is symmetric then A* C (A*)*=A=AC A" and A = A")

We are going to describe all closed symmetric extensions of A. (If n, =n_ =0 then
A = A* and there are no non-trivial closed symmetric extensions of A due to Proposition

24.)
5.2.1 A-orthogonality

Define new hermitian product on D(A*):
Let z,y € D(A")

() 4 = (v, y) + (A"w, A%y)

(cf. Section 1.2; Since A* is closed, D(A*) is a Hilbert space w. r. t. (-, "))
Thus, we have the notions of A-orthogonality and A-closedness. (It is better to say
A*-orthogonality, of course. In what follows the index A will be often omitted.)

rlay=0 <= {(z,y) =0

M C D(A*) is A-closed <— m = m (closure is taken in A-norm)
Moreover, introduce the sesquilinear form on D(A*):

[z,y] = (A"z,y) — (z, A"y)

Definition 13. A linear subspace L of D(A*) is called A-symmetric if
Ve,y e L [z,y] =0

Example. L = D(A) is A-symmetric.
(Since A is symmetric, A C A*)

MAIN OBSERVATION (tautological)
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ACA

Ay is symmetric and closed
if and only if
A =AY
L

where £ is A-closed and A-symmetric subspace of D(A*) containing D(A)
(D(A*) > L > D(A)).

We are to describe all A-closed and A-symmetric subspaces of D(A*) contain-
ing D(A).
5.2.2 The First John von Neumann Formula

Once again:

K, :=Ker (A" —il) C D(A")
K_:=Ker (A" +il) C D(A")
Proposition 25. D(A), Xy are A-closed and

D(A*) = D(A) 84 K_ @4 K. (5.1) [3w]

Proof. Since A is a closed operator and A C A*, D(A) is A-closed. Since K,
are closed in the ordinary H-norm (as orthogonal complements to R(A £i[l)), they are
closed in A-norm (explaj ", 1

Step 1. The sum in ab_l'f is in fact A-orthogonal:

Let z € D(A) and y € K. Then

()4 = (2, y) + (A", A%y) = (2,y) + (A"z,iy) =

= (x,y) + (Ax,iy) = (v — iAz,y) = —i(iz + Az,y) =0
since K, = R(A +il)*.
Similarly (z,y), =0if 2 € D(A) and y € K_.
Let z € X, and y € K_. Then

(r,y) 4 = (2,y) + (A"w, Axy) = (2,y) + (iv, —iy) = 0.

Step 2. The sum is @;ﬁ%whole D(A*). Let h € D(A*) be A-orthogonal to the sum at
the right hand side of (5.1).
Then h Ll 4D(A):
Vo € D(A)
(z,h)+ (A*x, A"h) =0

Since Ax = A*x this gives
(Az, Ah) = —(x, h)
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and, therefore, A*h € D(A*) and
A*A*h = —h
which is equivalent to
(A* +il)(A* —il)h =0

which implies
(A* —il)h € Ker (A" +il) = K_

(A* —il)h=0. (5.2)
JvN1
That will imply that h € X, . Since h is A-orthogonal to the r. h. s. of (%VI J, this gives

h = 0 what is needed.
It suffices to show that Vy € K_

We will show that

(y, (A" —iD)h) = 0

(K_ is closed in H-norm!!! So, here stands hermitian product in H!)
In fact, we have
(y, (A" —il)h) = (y, A"h) +i(y, h) =

(use —iy = A*y!)

= (1A%, A"h) +i(y, h) = iy, h) , = 0
JvN1
(since h is A-orthogonal to the r. h. s. of ( 1),

JvN1
Informally: Due to ”JvIN-I” (= (5.1), A-symmetric A-closed subspaces of
D(A*) containing D(A) are completely defined by their "X, ¢4 X_”-part.

Formally:

Proposition 26. Let
MN={S<K,P,K_ : 5 is A—closed and A — symmetric }

M={L<DA"): LDOD(A), L is A—closed and A — symmetric }

Define the map
map : 91— M

VG
map(S) = D(A) @4 S.
Then this map 1s correctly defined and is one to one.

Proof. The only thing that is not immediate:

D(A) @4 S is A-symmetric if S is A-symmetric.
Take two elements, ¢+ ¢1 and 1 +1; of D(A)® 4 S with ¢, € D(A) and ¢1,9, € S.
Then

(@ + ¢1, 0 + ] = (), Y] + [b1, Un] + [&, Y] + [V, 1]
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and the first two terms at the right are equal to zero. On the other hand

[¢7 ¢1] = (A*¢a 77Z)1) - (¢’ A*¢1) = (A¢7 ¢1) - (¢7 A*%) =0
because ¢y € D(A*). Similarly, [¢, ¢1] = 0. Thus,

[+ ¢, + ] =0

and D(A) @4 S is A-symmetric.
(Just in case it is not clear:
Back:
Let £ D D(A), £ - A-closed and A-symmetric. Take

S:=LN(K_daK,)
Let ¢ € L. Then

¢ = ¢o+ P1

with ¢g € D(A) C £ and ¢; € K_ @4 K. This implies ¢; € £ and, therefore, ¢; € S.
Thus,
L=D(A) @4 S.)

5.3 The Second John von Neumann Formula
We deal only with case n_,n, < +o0.

We will show that there is one to one correspondence between

e Closed symmetric extensions A;(D A)

and

e Pairs:

(A U)
where A is a subspace of K, (in our case it is always finite-dimensional) and
U:A—XK_
is an isometric operator (not necessarily surjective!)
defined as follows:

(A,U) — extension Ay

where

D(Ay) =D(A)+{¢+Uo¢: ¢ c A}
Ay(z+ o+ U¢p) = Az +ip —iU¢

where z € D(A), ¢ € A.
Remark. Notice that Ay¢ — i¢ is the common action of A* on K, and Ay(Ug) =
—iU¢ is the common action of A* on K _.
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Key Observation:
Let A; D A be closed symmetric extension,
D(A))=D(A)@®4 S

with S being A-closed A-symmetric subspace of K_ @4 K. Let

peES, d=0¢_+ 9y ¢+reXKy.
Then

o1 = llo+I]- (5.3) [unita

It is a straightforward calculation using the rule of action of A* on K4.:
Since S is A-symmetric, one has

[¢,¢] =0,

therefore,
0= (A%, ¢) — (¢, A%¢) = (AP + A"¢_, b4 + ¢_) — (¢4 + ¢, A" + A%¢_) =
= (ip4 —io—, 04 + &) — (¢4 + ¢ igy —ig_) =

: = 2i(¢+, d4) — 2i(p—, o)
and (%ﬁ%ollows.

Now we may construct the needed correspondence. We are considering only ex-
tensions with dim S < +oo (therefore, dim A is also finite): this matters only in case
ny=mn_=00)

1)Extension (A* D)A;(D A) = Pair (A,U).

We have
D(A))=D(A)@4 S

S<:K:+@A:K:,

Let
A = Proji(S)

Remark. Clearly, this projection
Projgﬁi — A

is one to one: if (¢, Yt) € S and (¢py,0?) € S then (0,41 — %) € S and ||0]| =
YL —¥2|| and L =42

A is finite dimensional, and, therefore is closed in any norm.
U : (b+ —> (ﬁ,
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is an isometry

it
according to (%1'1315.;3 Thus,

D(Ay) ={z+ ¢+ +Ug¢s : v € D(A), ¢+ € A}

U:A—UA)

Az + o4 +Udy) = Az +idy — iUy

(The second JvN formula)

2) Pair (A,U) = Extension A,
Let A < X, (finite dimensional, but we may assume only || - || z-closedness) and let

U:A—=X_

be a (not necessarily surjective) isometry.
Define the corresponding extension A; and its domain via the second JvN formula:

D(A) ={z+ ¢+ +Ug¢; :x € D(A), ¢+ € A}
Ai(z + ¢ +Udy) = Az +igy —iUg

End of Lecture 11
Lecture 12

Proposition 27. Thus constructed D(A;) is A-closed and A-symmetric. Then, due to
MAIN OBSERVATION from §5.2.1, Ay is a closed symmetric extension of A.

Proof. Since A is || -||-closed it is || - || a-closed. This implies that D(A;) is A-closed.

A-symmetry:

In Proposition 26 we proved that D(A) @4 S is symmetric if S is A-symmetric. So
suffices to show that

(94 + Uy, +Upy] =0

if gy, € A
This is again a straightforward calculation:

(9 + Uy, by + Utpy] =
= (A0 +Udy), by + Uthy) — (04 + Uy, A"(Y4 + Uty ) =
(194 — iU+, vy + Uthy) — (¢4 + Uiy —iUthy) = ...

= 2i((64,04) — (U4, UB,)) (5.4)
Due to relation (z,z2) = (Uz,Uz) and the polarization identity
1 1
U =7 ¥ dUleta)Uata)=7 ¥ dotaeta)=(y
e=+1,%1 e=+1,41
Zero
expression (5.4) vanishes.
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5.3.1 Self-adjoint extensions

Now let us compare deficiency indices of the symmetric operator A and its extension
A;. We have

(A1 +il)(x + ¢ + Udy) = Az +i¢y — iU ilx + i, iUd, =

= (A+ i)z + 2id,

with (A +il)z € R(A+il) and 2i¢p, € KX, = R(A +4I)*.
Thus,
codim R(A; +il) = codim R(A + iI) — dim A

Similarly,

with (A —il)x € R(A —il) and 2iU¢, € KX_ = R(A —iI)*. Thus,

codim R(A; — i¢I) = codim R(A —il) — dim A

Equivalently:
ny(A) =ni(A) —dimA
n_(A;) =n_(A) —dimA
Thus,
n-(A) #n(A) = n_(A1) # ny(Ar)
and

n_(A) #n.(A) = the operator A does not have self-adjoint extensions

and

If n (A) = n_(A) (# o)

then any isometry

U:A=%, —>X_

(dim A = ny (A) = n_(A)N)
defines a self-adjoint extension of A and all s. a. extensions are ob-
tained in this way.

Once again:
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For a self-adjoint extension A of a closed symmetric operator A one has
D(A) ={x+ ¢, + Uy : x € D(A), ¢4 € Ky}

Az + ¢y +U¢y) = Az +igp, — iUy

with some unitary bijection

U:j(:+—>j<_

5.3.2 Example

We use the results of Section 2. Consider a closed symmetric operator A = z‘% (we
suppress ”-” for convenience) in Ly ([0, 1]) with D(A) = H}[0,1]. Then D(A*) = H'[0, 1]
and A*u = .
Let u € Ky = Ker (A* —iI). Then
i —iu =0
and v = Ce”. Similarly,

K_=Ker (A" +il) ={Ce™"}

Thus,

Any unitary operator
U : X, = LinSpan (¢”) — X_ = LinSpan (e™*)

is of the form .
fiseof

1 2
—1
/ e%dm:e
0 2

with fi € K4, ||f:t|| = 1. Since

and ) )
—2z es—1
dr =
/0 e €T SRR
one gets
2
f+ = 62 — 16x

and

2 —T
f_:e\/ 2 1°

Thus all the self-adjoint extensions, A, D A are numbered by a € [0,27). One has

2 T 1o’ 2 - 1
D(Aa)={¢+0\/€2_1e + Ce 6”62—16 :¢ € Hy,C € C}
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Now, observe that for ¢» € D(A,) one has

2 ioe 2
Y(0)=0+C 62_1+Ce e\ 51
2 - 2
P(1)=0+C 2_164-06““ ]
and ,
Y1) 1+e%e
$O) ~ egen
Clearly,
=1

which proves the claim 1) from the end of Section 2.1 (before Definition 9). Claim 2) is
left as an exercise: see hints below.

W —idu=0

u(l) = yu

Hints: 1)Solve
This gives u = CeM; y = e = e «—= \= )\, = ¢ + 27k.
2)Prove that A # A\, = 3(A, — AI)~! which is bounded and defined on L[0, 1],

(Ao — AI) "L f = i [Miw /0 L f(s) ds + /0 L (s) ds} .

END OF WINTER 2022 COURSE

6 Pseudolaplacians in R?

6.1 Sobolev spaces

For positive integer k define
H*(R™) = WH(R™) :={f € Ly :VYa: |a| <k D*f € Ly}

or

{u e S'(RY) : (1+ ¢4 € Ly(R"}.

The latter definition extends to any real s:
H(R") := {u € S'(R") : (14 |€]?)*%4 € Ly(R"}.

We will need three standard Sobolev’s embedding theorems

Proposition 28. 1. s >n/2 = H*(R") C C,(R"™) (b means bounded)

2. 0<a<1l = HY*C Lip*(R")
(Lip®(R™) <= wu is bounded and |u(z +y) —u(y)| < Cly|*)
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3. u € HY**Y(R") =

1/2
fuz + ) — u(z)| < Cly] (logﬁ)

(still - 0 asy — 0.)

Proof.
1) Simple:

ju(@)| =

[ eaterae] < [ jacoiae -

[ Jacenoieryrasienyae < ([ orariere) ([ i)

and the last factor is finite if s > n/2.
2) and 3)Similarly but longer:

u(z +y) —u(z)| =

/ a(€)e™ (e — 1) df‘ <

< [ Ja(g)le™ —1]d¢ <
]Rn

1/2
< ([ 1aopa+ ) x

1/2
. (/Rn(l +[E7) 0 les — 1|2d5)

with s = n/2 + a. Thus, one has to estimate the last factor.
WLOG one can assume that |y| < 1/2. Notice that
liyé| < 1if |¢] < 1/]y| and for |2| < 1 one has |[<=1| < C.

Therefore
ey ap g <
7 s — 1|
(L+ €)% |———| |y|*é)* dé+
/|5|<1/|y| 1y§
4 / (1+ €2 /2o de <
1€1>1/y]
< C(A(y)ly]* + B(y))
with
Aly) = / (L4 €)™/ de
1€1<1/]y]
and

Bly) = / (14 [¢?) /2 adg
[€1>1/]y]
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Since |y| < 1/2 and 1/|y| > 2,

aw=([ + [y

/ (14722 ep2en=lgpy
0

(integrand ~ r"*! near 0, therefore, this part is < C)
/1yl
+ / (r* + T2)7"/2*a7’27’"*1 dr
1
(this part is < C’fll/ly| ri=2 dr)

Clyl*%, O0<a<1
<C+
- {C’logﬁ, a=1

Additionally.
B < [ e <
/1yl
c [t =iy
/1yl
Finally,

/ (14 €[2) e — 112 de <

C 2 2 ‘y’2a—2 2a <
< W‘+W‘1%L +yl™ | <
lyl

ly)>, 0<a<1
y|*log o, a=1

We will need also
Proposition 29. C5°(R™) is dense in WE(R™).

Proof (a sketch).
1) Take smooth xg with support in {|z] < R+ 1} and x(z) = 1 for || < R. Then
Xru — u as R — oo for any u € W5 (R"). 2)Take w: suppwe — {0}, [, we = 1. Then

we * (XRU) = XRU
as € — 0 in WX (R™). It remains to notice that
we * (xru) € Cg°(R")

for any u € Wy (R™).
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6.2 Pseudolaplacians

Consider the Laplace operator A in Ly(R?) with
D(A) = C*(R*\ {0}).

We will show that this operator is essentially self-adjoint for d > 4 and has infinitely
many self-adjoint extensions for d < 3. The latter extensions are called ”pseudolapla-
cians”. They present mathematical models for Schroedinger operators with J-function

potential:
—A+9.

6.2.1 Domain of the closure for d > 4

Proposition 30. Let

L:=A
g (R™)

and let

d>4

Then
D(L) = WF(R?) = D(A)

where A is the standard self-adjoint Laplacian in R,

Proof. Observe that, since the graph norm |||u|||* = ||u||* + ||Aul|? is equivalent to
the W2-norm, one has the inclusion D(L) C W2. Since C$°(R?) is dense in W it suffices
to show that it is possible to approximate any function ¢ from C$°(R?) by functions
u, € C(RY\ {O}) in the Wi-norm (or, what is the same, in the graph norm).

Let ¢(z) = ¢(|x|), where ¢(t) is smooth, vanishes for [t| > 1 and equals 1 for

|t] < 1/2. Define
x

Pe(r) =1 - (=)

€

(e equals zero in €/2-ball centred at the origin and equals one outside e-ball).

We will show that C°(R?\ {O}) 2 ¢p — ¢ in Wi if d > 4 (or, what is the same,
¢ — ¢ and A(pep) — A in Ly as € — 0).

For d =4 a less straightforward method is needed.

D|pet — 4[| — 0.
One has

o =l = [ 1= (0w = vP = [ lDP )P do <

x
<c [ )P = [ o s o
2)A(pet)) — A
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One has

[(Age)v[|(:= A) + [[Voe - V|[(:= B) + [|¢e A — Ag||(:= C)
Due to Step 1, C' — 0 as e — 0.

B = VoV (L= ola/ I < ¢ [ IVaolo/fdo=c5 [ [(Vo)a/ol dz =

1
c—Qed/ Vo> =0
€ Rd

(since d —2 > 0.)
Similarly

A2 < c/ Aub(z/e) = ced4/ NN
R4 R4

(under the condition d —4 > 0.)
For the case d = 4 (when the last estimate does not work) a special trick is needed.

The same works with improved
~ x|]°
() :=1—10 ([—U] )

where ¢ is as above (in what follows we omit tilde).

1)
o vl < | |¢(['§']6) par=er [ 1o ([Z]') Préar=

(t = (r/e)s; dr = t¥/<1) 1
= 063/ ()|t Lat <
0

3 2 / 0
< Co€ /0 |(b(t)| t—

2)The most difficult part is to estimate the term A with A,¢ ([M} 6).

o\° d—10 1
A—(E) + . 54-7“—25

with d = 4 and spherical part, §, playing no role (all functions depend on radial variable

o S ()= () ()
() o (L) = (1) ) o (1) ()
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so([7])-
(B st (@) o () e
=i ([ () s o ([

Since ¢/, ¢" factors are bounded, only |e! =722, |2 —2ep2e2|2 2272 terms
matter. Integration goes over 0 < r < e, jacobian is rdil = r3. The worst (= the
biggest) term is the first. One has

€
€
627267,26747,3 dr = = — 0
0 2

as € — 0.

6.2.2 Domain of the closure for d =1,2,3

1)d=3
One has
W3 (R?) = H*(R?) C Lip'/?
H32H1/2  Lip 12
(for d = 4,5,... this is wrong!) Thus,
D(L) C {4 € W5(R®) : ¢(0) = 0}

Exercise: Show that one can approximate any ¢ from C§°(R?) such that ¢(0) = 0
and | (z)| < C|z[*/? in B(O,¢€) in the graph norm by u, € C*(R?\ {O}). Act as in
case d = 4 (take the same ).

From this exercise follows the equality

D(L) = {4 € W5 (R’) : ¥(0) = 0}
2)d = 2

2—2+1
)

Thus, the functions ¢ from the domain of the closure, being in W3(R?) must satisfy
1\ 12
0} = 6(a) = 500 < Clal (1og )
Exercise: Similarly to the case d = 3, show that
D(L) = {4 € W (R?) : ¢(0) = 0}
3)d =1 (Relevant to the theory of quantum graphs). Let
Y € D(L) C Wy (RY).
Then ¢/ € H'(R?). Since 1 =3 + 1, ¢/ € Lip'/2.
D(L) = {¢ € W5(R") : (0) = ¢/(0) = 0}
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6.2.3 Self-adjoint extensions of L

1) Case d > 4.
We will show that KX_ =X, = {0} and, thus, L is essentially self-adjoint.
Let w € Xy = R(L +il)*. Then

(u, (L+il)f) =0
for any f € D(L) = W2(R?). Using Plancherel theorem, one gets
(@ (" +0)f) =0

or )
(a(lgl* =), f) =0
for any f € Wi D S(RY).
This implies

a(|€)* —i) =0
and v = 0.
(and similarly for K_.)
2)Case d = 2, 3.
We will show that in this case n, =n_ =1 and find all the self-adjoint extensions.

Let u € K. As before, this implies
(@, ([€ +0)f) =0

for any f € H? such that f(0) = 0 or, what is the same, for any f € (1+ [£[2)~" Ly(R?)
such that

0= | J©)d

(the last integral equals to f(0) due to Fourier inversion formula).

Choose ¢ € S(R?) such that
6(€)ds = 1.
R4
Then for any f € H? the function
g=1f— [ f&de-o
Rd

belongs to (1 + |€]?) " Ly(R?) and satisfies [, g = 0.
Thus, for any f € H?> = W3

or



with

Therefore,

and

Thus, dimX, = 1.
Similarly dimX_ =1 and
1
K_={0F ' ——
(0 (i)
Now the second JvN formula gives all the self-adjoint extensions Ly D L via

1
€12 —i

D(Lg) = {¢ + pF " (

with 6 € [0, 27).
If § = 7 then we get the ordinary self-adjoint Laplacian A with domain W2:

—1 1 i e—1 1 o -1 21
+p7 (rsw—i)”” (|f|2+z')‘¢+w i

Moreover, on the one hand (due to JvN-2)

1 1 im -1 1 _ g1 1 T 1 1
Lelo+h5 (|§|2—z‘)+5” (|5|2+z’))‘ﬁ¢“5? <|f|2—z') {-0p% <|5|2+z')’

on the other hand

L1 i1 1 (P €2 )
A g-! g-! =A F! —
o497 (i) 49077 (g ) = oo 077 (i - i
and the right hand sides coincide.

) + Be?F ! (ﬁ) : 3 € C; ¢ € W (RY),¢(0) = 0}

cWj.

7 Krein formula

Let A be closed symmetric with
n_(A)=n (A)=n< +o0
and let A1 D A and Ay D A be two self-adjoint extentions of A, A} = A,, A} = As.
Proposition 31. Let A € (Spectrum (A;) U Spectrum,(Ay))® then the difference of the
resolvents
R(X; Ar) — R(A; Az)

1s a finite-rank operator. It acts as follows. One has

H = R(A— ) @ Ker (A" — \I)

H = R(A - \I) ® Ker (A* — \I)

(in case I\ # 0 one does not need the closure).
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The operator R(\; A1) — R(\; As)
1. sends R(A — M) to zero

2. maps Ker (A* — \I) to Ker (A* — \I).

Reminder: H = T @ KerT*; R(A — ) is closed if S\ # 0; dim Ker (4* — \I) =
dim Ker (A* — \I) = n.

Proof. 1) Let f € R(A— M) then f = (A — M)x with z € D(A). Since A C A,
and A C As, one has

[(Ay =AD" = (A=A f =z —2=0

If A is real then one has to separately consider the case f € R(A— )\ R(A — \I).
Then
(A =AD" = (A = AD)7']f =0

because both the resolvents are bounded operators in H.
2)Let f € Ker (A* — AI) We are to prove that

(A = A)7H = (A — M) 7Y f € Ker (A* — ).

Due to equality
R(A— M) @Ker (A*—\)=H

it suffices to prove that for any h € R(A — \I) one has
([(Ar =AD" = (A = AD) 7' f, k) = 0.

This is simple:

([(Ar = AD™H = (A = MDY S, h) = (f, (Ay = AD)7H = (Ay = M) 7Hh) = (f,0) = 0.
The proposition is proved.
Now, for a fixed \ € (Spectrum (A;) U Spectrum,(As))‘, choose

91N, 9n(A)

- a basis of Ker (A* — \)

and

gl(/\)a s agn(j\)
- a basis of Ker {A* — A).
Proposition %ﬁ%%plie
VfeH:
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n

(AL =M = (A= A7 f = cr(f)ge(A)

where ¢ (+) are bounded linear functionals on h. From Riesz theorem one gets

a(f) = (f, hi)

for some hy, € H.
Moreover, one has

(f,hi) =0

for f € R(A — \I), therefore, B
hy € Ker (A" — \I)

or
Zpkl 91 5\

which implies
[(Ar = A1)~ = (A “f= Zpkz (fs 1(A)g(N).
k=1

This proves M. G. Krein’s formula for the difference of the resolvents of two self-
adjoint extensions, A; and A,, of a given closed symmetric operator A:

R(X;Ar) — R(A\ Ag) = Z PN (-5 (X)) ge(N) -

k=1

8 Appendix 1: Spectral theorem for compact self-
adjoint operators

Initially, this was supposed to be an introduction to the course.

To warm up we recall the most standard (contained in almost all basic texts in FA)
proof of the ST for compact s.-a. operators.

H - separable (complex) Hilbert space; A - compact symmetric (=s. a. for bounded
case) operator:

Vr,y € H (Az,y) = (z, Ay);
A(bounded) = precompact

A - eigenvalue of A; V), - corresponding eigenspace (the set of all eigenvectors corre-
sponding to A) (different eigenspaces are mutually orthogonal! - easy exercise 1). A -
the set of all eigenvalues of A (all are real! - easy exercise 2).
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Spectral Theorem:

H=EPV

AEA
(direct orthogonal sum).
Addendum:
e if A 5 X #0 then V) is finite dimensional

e For any € > 0 AN {|z] > €} is a finite set.

Comment: Ker A=V, may be infinite dimensional (as well as finite dimensional

or even zero). If H is infinite dimensional then A = 0 is the (only) limit point
of A.

One can organize the non-zero eigenvalues in the sequence Ay, Ay, ..., such
that |\,| > |[Ai1] (each eigenvalue is repeated according to multiplicity).

e If {e,} is the orthonormal system of eigenvectors corresponding to non-zero
eigenvalues ), (in each eigenspace an orthonormal basis is chosen: take the
union of all these bases) then Vo € H

Ar = Z An(z,en)en

(convergence in ).

The proof models finite dimensional linear algebra: why hermitian matrices are diago-
nalizable? Trivial:

A) det (A—AI) = 0 has a solution A; in C (Main theorem of algebra). (In fact, real.)
So there exists an eigenvector v;. Since A is hermitian, the orthogonal complement
H, = v{ is A-invariant (easy exercise 3).

B) Ay :=A| . A; - hermitian (easy exercise 4). Continue.

v

For infinite dlimensional case: A) (existence of an eigenvector) is non trivial; B) is
essentially the same as in the finite dimensional case.

Proof.

Basic ingredients:

1)Polarization identity (for any linear operator A).

(Ary) =7 3 (Al te), (@ +a)

e==+1,%1

(Remark: mind that for us (-, -) is anti-linear w. r. t. the second argument. Many
authors (more close to physics) use another agreement (bra -(c)ket). In that case the r.
h. s. should be changed to conjugate.)

(Easy excercise 5)

2)Parallelogram identity

llz = ylI* + [lz + ylI* = 2l|2||* + 2[|y|
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(Make a picture and prove - trivial exercise 6).
3) Important property: for any hermitian (= bounded self-adjoint) A

||A]| = SupHmH:l'(Al'vx)‘ (8.1) [norm

(Exercise: Vx (Az,z) € R iff A = A*. Hint: Use polarization identity for the hard
part.)
Proof of (@n?rl Ny = SUP||z=1(A7, 7). Clearly, Na < [|A]| (follows from the Cauchy

inequality.)
Let us show that ||A|| < Na.
Clearly,
|A]| = SUP|\Z||:||y\|:1|<Al‘= y)| - (8.2)
In fact, Sup”mH:HyH:l’(Ax?y” > Sup)|y =1 (Az, Az/[|Az|[) = supj, = [|Az]| = |[A]].
The opposite inequality again follows from Cauchy.
Moreover,
[A[] = supjg=jy)1=1 1R (Az, y)| (8.3)

2
Using (%2) choose g, Yo, ||o]| = ||vo]| = 1 such that
|(Azo, yo)| = [|A]| — e

One has
(Ao, y0) = [(Azo, yo)|e™
and
[R(A(e™z0), y0)| = [(Ale™x0), y0)| = [(Awo,y0)| = ||A]| — €
Thus,

SUD| (= Jyl=1 [T (Az, y)| > [[A]].

The opposite inequality is trivial.
Now from polarization identity

[R(Au, )| = |3 (A -+ )0+ ) — (Al —v)u— )| <

FUAG+ 0),u+0) + (Al = ), u — 0)]) <

1
7 (Nallu+vl[* + Naflu —of") =

1
7 NVallull® + 2o ]*)
(parallelogram identity was used at the last step). Thus,
|[A[| = Sup)jy)=jjojj=1 | R(Au, v)| < Na.
Remark. From (%?rl ) one gets the equality

|[A*A|] = SUP|\x||:1|(A*A$a$)| = Sup|\x||:1(f4$a14$) = ||AH2
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which is important in the theory of C*-algebras.

Now we can show that a non-zero compact s. a. operator A has an eigenvector
corresponding to the (nonzero) eigenvalue Ay with || = [|A|[ # 0.

Using (E_I%E, choose x,, ||z,|| = 1 such that

(Axy, ) = A

with [\ = [|A]l

Informally: |(Ax,,x,)| goes to maximum, therefore, Ax, must be almost propor-
tional to x, and the coefficient of proportionality should be A;.

That is true:

0<||Az, — /\1xn||2 = (Ax, — Mxy,, Az, — \ixy,) = ||Axn||2 — 2\ (Axy,, x,) + /\% =

[ Az, |* = AT + 0(1) < [JA|* = Af + 0(1) = o(1)

Thus, Az, — Az, — 0.
Now we will use compactness of A. Since ||z,|| = 1, WLOG Ax,, — v; and, therefore,
Mz, — v; and

Ty — ’Ul//\l .
Passing to n — oo, we get
A’Ul//\l — V1 = 0
or
A’Ul = >\11)1.

(Mind that A\; # 0 and ||x,|| = 1, therefore,v; # 0.)

The first eigenvector of A is constructed. The rest is more or less simple.

Exercise 7: Let V' be the closure of the linear span of all the eigenvectors constructed
one by one as in finite dimensional case. Prove that A+ = 0.

Exercise 8: Derive all the properties formulated in the Addendum. Hint: Let there
exist infinite number of (mutually orthogonal) unit eigenvectors e,, of A with eigenvalues
A, with absolute values greater than e. WLOG (compactness) Ae,, converges. But

|| Ae, — A€m||2 = [[Anen — )‘memHQ = |>‘m|2 + |>‘n|2 > 2¢?

which contradicts convergence.

8.1 The same via resolvent and analyticity

Let A#0; A€ R. A -s. a., compact.
Then

1)Ker (A 4+ M) is finite-dimensional.

(Let {z,} be infinite orthonormal sequence from Ker (A + AI).
[ Az, — Azl = [N |20 — zmll = V2|

So {Az,} contains no converging subsequence.)
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(A4 ) : (Ker (A+ M))" — (Ker (A+ \))*

is a (bounded) bijection.

1)z € (Ker (A+A))" = (A4 M)z € (Ker (A+ \))*
Let y € Ker (A + ).

(A4+ M)z, y) = (z,(A+ N)y)) = (2,0) =0
(in fact, for any z.

Injectivity: L N L+ = {0}.
2)(Exercise:

H =Im (B) & Ker B* (8.4)

range

for any bounded (or even densely defined - the notion of the adjoint for unbounded
operators will be introduced later) B)
Comment: in the future Im = Image = R = Range.

Im(A 4+ M) - closed.
Let z,{Ker} (A + A)*, (A+ Al)z, — y. One can assume that

|ln|| < ©
. Indeed, let x,, — infty. w, =z, /|||
(A+ Nwn = y/|zn]| = 0

and, therefore,
(A4 Nw, — 0

WLOG (compactness) Aw,, — o. Thus, w, — Qp/\ and Thus,
(A -+ )\)wo = 0

But ||wo|| = 1 and
w, € Ker (A+ M),

which gives contradiction.
Now WLOG Azx,, — z and z + Az,, —y — 0. Thus, z, — (y — 2)/\ = zy and

(A4+Nzog=1y.
Comment: A - compact; I + A - Fredholm. The proof is essentially the same.

Definition 14. R(z) = (A — 2I)~! - resolvent
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Theorem 4. Let A be self-adjoint. Then
1) R(z) is defined for Sz # 0.
2)
1R(2)]] < 1/]3%]

YR(z) = R(2);
R(2) - R(w) = R(z)R(w)(z — w) = R(w)R(z)( — w) (8.5)

Will be proved for unbounded operators later. The proof for bounded operators is
the same - find it now as an exercise.

Consider the resolvent of a compact self-adjoint operator A. Let A € C; A # 0. Let
E : H — Ker (A — AI) be the orthogonal projection (always finite dimensional).

KEY FACT:

E

in a vicinity of A with analytic R;(2).
Proof. A — zI respects Ker(A — M) @ (Ker(A — M ))* = N @ F (easy exercise).
For uw € N:
(A-zlu=(A=A+A—2)u=(A—2)u
So on N one has ]
A==z
On F: Neumann series. A — AI - invertible, bounded (on F - see above).

(A—z2D)"'= I.

A—zl=A-X—(z-\NI=P—-8

(P—8) ' =(I—-SP )Pyt =PI+ (SP'Y)

A=z = (A=ADTI+D (2= N(A= A7) =
D (A=ANTHz =AY

CéZOI‘eS

Therefore, on H one has (.

Thus, non-zero eigenvalues of A are isolated (and, in particular, there are at most
countable number {\;} of them).

Let Ej be corresponding orthogonal projections (on Ker (A —A;I)). Then E E; =0
if k£ j and E} = Ej.

(Exercise: straightforward and elementary (eigenvectors correspondi I%Stioddiffe‘rc%%t\p ros
eigenvalues of a s. a. operator are orthogonal); or use resolvent identity (8-5) and (8.6)
- more elegant.)

Non-zero eigenvalues: A, ...; A\g := 0 For any u € J{ the sum

Fu= ZEju

Jj=1
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is well-defined (Bessel inequality: || Y [|Ejul|* < ||u||?); E* = E; E* = E; E- projector.
Ey:=I1—E

Claim.
For any u € H and for any z € C\ R

o0

R(z)u=(A—zD)"u=> (N —2)"Eu (8.7)

=0
ATTENTION: the following proof illustrates the crucial idea of this course:

complex analysis applied to operator theory. Analytical properties of the re-
solvent are of primary importance.

Remark: the r. h. s. is well-defined:
[Aj — 2| > 2]

[|r.h.s.|| < lul|/Sz.

Consider .
F(z) = (R(z)u,v) = > ((\j — 2) "' Eju,0)

One has

1) F(z) is analytic in C \ {0}.

(explain! - easy)

2) |F(2)] < 2lJull |[o]|/S2

(explain! - easy)

3)F(2) = O(]z|?) as z — oo.

(Explain! Hints:

a)Neumann: —— = —ﬁ% =-1I+A4/2+...)
b)> " (Eju,v) = (u,v) by definition of Ej. )

Lemma 14. 1, 2, and 3 imply F' = 0 identically.

Proof. All the Laurent coefficients

/Z |:RF(z)zk dz

are equal to 0.
1)k <0-send R — oc.
2)Positive k. Induction k — 2 — k. Genial (from Hoermander) trick:

/ F(2)2" dz = (induction) = / F(2)2"2(2* = RY)dz =
|z|=R |z|=R

(= = RQ)
/ F(ROR™CH R — )R dC
[¢|=1
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F(Re)| < 2Hedlivll

S(RC)
and
/ F(2)2" dz| < R*2|]ul|[]v]] ¢ = 1(S¢) 7' |d¢ — 0
lz|=R I¢I=1
as R — 0.
Recall that we have defined
Ey=I1-> Ej.
j=1
Now we are able to show that AEy = 01i. e. that E, consists of eigenvectors correspond-

ing to A\g =0

aincompres
From (R.

1
(=2)

AE@U + Eou —f- Z Eju =
1

1
——AFEyu+u
z
Thus, AEyu = 0 for any u and

G,
j=0

with Aly, = A;1.

9 Appendix 2: Zorn Lemma

This is written to give a technical background for the extension of the Spectral Theorem
to the case of non-separable Hilbert spaces.

9.1 Weak Zorn: formulation

First Weak ZORN (WZ):

A - a partially ordered set (=poset).

Z - a chain (= a totally ordered subset) in A.

mgy = sup,Z or sup Z - least upper bound (in A) that is

0) my € A

1)mg is an upper bound : Vz € Z z < mq

2)If my is another upper bound then mg < m.

WZ: A is a poset such that any chain Z C A has the least upper bound. Then A
has a maximal element (i. e. an element ag such that a > ag implies a = ay).
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9.2 Reduction of WZ to Bourbaki lemma

Let WZ is wrong then any element a of A is not maximal, i. e. the set U, = {x € A :
x > a} is not empty.

Axiom of choice: one can choose an element in each U,.

Thus, there is a function f: A — A such that f(a) > a for all a € A.

Existence of such a function contradicts to the following Lemma.

Bourbaki lemma: Let a poset A satisfy conditions of WZ. Consider f : A — A
such that f(a) > a for all a € A. Then there exists ay such that

f(ao) =ag .

9.3 Proof of Bourbaki Lemma

Idea: suppose for a while that A satisfies the conditions of WZ and is totally ordered
itself. Then A has the least upper bound ay. Thus,

1) f(a0) > ag (property of f)

2) f(ao) < ag (property of an upper bound)

and, therefore, f(ag) = ao.

So, one has to find a non-empty subset of A with all the properties of A (i. e.
satisfying WZ conditions and conditions for f) and which is totally ordered.

First, formalize ”a non-empty subset of A with all the properties of A (i. e. satisfying
WZ conditions and conditions for f)”.

Choose an element a € A. A subset B of A is admissible if

l)a € B

2)Any chain Z C B has sup,Z € B.

3)f(B) C B.

In particular, A itself is admissible.

Take the intersection M of all admissible subsets of A.

It is non-empty (contains a!) admissible (trivial) and totally ordered (the hardest
and the central part of the proof, all the rest is trivial) and this immediately gives
Bourbaki and, therefore, WZ.

9.3.1 M is totally ordered

Let us throw off all the ¢ € A such that ¢ < a and all the ¢ that are not comparable
with a.

A=An{be A:b> A}

All remains the same. If the statement is proved for new A then it is proved for old A.
But now we will be able to find at least one extreme point (the @ itself) in M in the
sense of the definition below.

Definition 1: ¢ € M is an extreme point of M if

reMrz<c= f(x)<c

Remark. a is an extreme point of M. (There are no z: = < a.)
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Plan: we are going to prove that all the points of M are extreme and there are no
points of M strictly between ¢ and f(c) if ¢ is extreme. This will imply that M is totally
ordered.

Proposition 1. ¢ — extreme, M, = {beforec or after f(c)} =:

M. ={zeM:xz<cor x> f(c)}

Then M, = M (or there is nothing strictly between ¢ and f(c) in M)

We will prove that M, is non-empty admissible. This implies M. = M (since M is
the intersection of all admissible sets).

Non-empty: a € M.! (a is comparable with all others and is smaller or equal any
other element)

f(M.) C M,: trivial (let m € M.. Three cases m < ¢, m = ¢, m > f(c) — in all three
f(m) € M.. (Property of f (f(z) > z).

Let T be totally ordered subset of M.. Let b be its least upper bound in M

Case 1: T completely from the left of ¢. Then ¢ is an upper bound and the least
upper bound b is less or equal than ¢, so b in M..

Case 2: There are elements of T" from the right of f(c). Then f(c) < b and again
be M..

Proposition 2. All the elements of M are extreme.

The same trick. Let E be the set of all extreme points of M. Then E is non-empty
(contains a!) and again admissible (therefore, coincides with M which is the smallest
admissible). Why admissible?

1) Let e € E. Why f(e) again extreme? Let x < f(e) (z from M, of course). We
must show that f(z) < f(e). But M, = M (see Prop. 1) So either z < e or z = ¢
or x > f(e). Last case is impossible. For other two cases we have f(z) < f(e) from
Property of f: If x < e then f(z) < e (e- extreme) and e < f(e) (Property of f). So
f(@) < f(e).

If x =e then f(x) = f(e) < f(e).

So f(E) C E.

2)T C E — totally ordered. Then sup,,T" € E. Why?

Let b = sup,,T".

Suppose x € M and z < b. (We have to prove f(z) < b and, therefore, b - extreme)

Then one can find t € T' (and, therefore, extreme) such that

rx<t.
Why?

M=M={m:m<tor m2> f(t)}

If for any ¢ € T' ¢ is not > x then for all ¢ from T" f(¢) is < x. Then z is an upper
bound for 7" and, therefore, z > b (contradiction).

Cases:

1)z < t. Then f(z) <t (since t — extreme). And f(z) <t <b.

2)x =t. Then x < b But M, = M; = M. Thus, b > f(x).
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9.3.2 M — totally ordered

Let x,y € M. Then x is extreme point of M (all the points of M are extreme). Thus,
M, = M and either y < x or y > f(z). But f(z) > z. So, in the second case y > =.
WZ is proved.

9.4 Strong Zorn

We do not require existence of the least upper bound. Simple upper bound suffices.

Zorn: A is a poset such that any chain Z C A has an upper bound. Then A has a
maximal element (i. e. an element ay such that a > ag implies a = ay).

Very simple.

X the set of non-empty totally ordered subsets of A.

X is a poset ("less or equal”’= C)

Any chain in X has the least upper bound (union of all the elements of chain).

WZ implies there exists maximal element M in X —1i. e. a totally ordered subset of
A which is not contained in a strictly bigger totally ordered subset of A.

Let mg be the upper bound of M. Then mg is a maximal element in A.

Suppose it is not maximal. Then there exists z € A such that z > my.

Then M U {z} is totally ordered and strictly bigger than M. Contradiction.

9.5 Applications
9.5.1 Hamel basis

V' - vector space over k; H = {v,}aca - Hamel basis if

1) Any vector from V is a finite linear combination with coefficients from k of
elements from .

2) Any finite subset of H is linear independent over k.

Always exists.

Consider set X of subsets of V' with property 2). Partial order: inclusion. Every
chain has upper bound (Union). Zorn implies existence of the maximal element M. That
is Hamel basis (if a vector from V' is not a finite linear combination of the elements of
M then it can be added to M producing an element of X strictly bigger than M).

Examples: 1) R over Q.

flx+y) = f(x)f(y)

Easy: {v4}aca Hamel basis of R over Q). Let f(v,) be arbitrary real positive numbers.
Then one can define f(x) =[], f(vp)% where x = }_;qpvg; B runs over finite subset
of A; ¢z € Q.

But if f is continuous then from f(mxo/n) = f(zo)™™ and continuity one gets
f(z) = a® for some a.

2) Hahn-Banach

3) Algebraic closure of a field.
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10 Some basic facts from the course FA-1

10.1 Uniform boundedness principle = UBP

UBP:
Ay : X =Y

X,Y - Banach spaces, A, - a family of linear bounded operators.

Ve e X ||Aaz|| < C(z) = ||Aa]| < const < +o00

APPLICATIONS (for separable Hilbert spaces)

1. If a sequence weakly converges then it is bounded.
H - Hilbert space, z, —xy = |lz,]|<C
Proof. Vo € H the sequence < z,x, > converges and, therefore, is bounded:
| < x,2, >< C(z). Thus, UBP implies ||z,|| < C.

2. Hilbert space is weakly complete.

Let {z,}22, be a sequence from H. Let Vo € H the sequence < x,x,, > converges
(i. e. <@,y — Xy >— 0 as n,m — 00). Then Jzg € H: x — x.

Proof. [(z) := lim < z,x, >. From convergence we get | < z,z, > | < C(z)
and UBP implies ||z,|| < C. Thus |l(z)| = |lim < 2,2z, > | < C||z|| and [(-) is a
bounded linear functional, thus (Riesz!) I(z) =< x,z > for some zy € H.

3. Balls in H are weakly compact.
If ||z, || < C then 3 subsequence x,, weakly converging to some xy with ||zo|| < C.

Proof. V := LinSpan{z,}°°, (=finite linear combinations). H = V@ V+ Step
1. Jx,, such that Vo € V' < z,,, 2 > converges. Trivial: for choose a subsequence
such that < 2y, z,, > converges, from this subsequence a subsubsequence such
that < o, Ty, > converges and so on. Then take diagonal.

Step 2. This subsequence should converge for any = from V:
Let f€Vandlet h€V and ||h— f|| < e

1< @y = T £ > < I < T = T f = > [ 41| < @y, = @ h > || < 20 + ¢

for big k and [.

This subsequence converges for any x € H = V @ V* because < ,,,, 2 >= 0 for
reVt

Thus (item 2) z,, — xo. It remains to show that ||zo|| < C.

Lemma.
Tn — xo = lminf ||z,|| > ||zo]|

Proof.
0 >< m, — To, Ty — T >= ||2,]]* — 2R < 1, 9 > +|| 70|
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the second term tends to —2||zo||>. Pass to liminf.
The estimate follows from the lemma.

4. Landau theorem. (In the simplest form: one can also prove ¥ — [? and even
L, — L, versions)

Let {ax}72; be a number sequence and let V{z} € [? the series Y, a,xy converges.
Then {a;} € I%

Proof. Introduce the linear bounded functionals in ?:

N
LN(I) = Zakxk
k=1
Clearly,
N 1/2
ILn [l = (ZMP)
k=1

Since ) apxy, converges |Ly(x)| < C(x). Thus, UBP implies
Iyl < C
and, therefore, >~ |ax]* < C.

5. Sesquilinear form continuous w. r. t. each argument is continuous.
If Ve,y B(-,y) and B(z,-) are bounded then |B(x,y)| < C||z||||y]]-

Proof. Step 1. (zn,y,) — 0 implies B(z,,y,) — 0. L,(-) := B(zp,-).
Yy [Ln(y)] < C(y), Thus (UBP), [La(y)| < Clly[| and [B(zn, yn)| < Cllynl| = 0.

Step 2. Let 3z, v, 0 |@n]] = ||yn|] = 1 and |B(xn, ya)| > n?.

Then z, = —=2— and ¢, = =2— tend to zero and
n|zn| n||ynl|

| B(Zn, )| = 1 7!
Thus, |B(z,y)| < Cllz|[ ||yl

10.2 Compact operators in Hilbert spaces: basic properties

Definition: Bounded to precompact (= with compact closure).

1. Uniform approximation by finite-dimensional operators.
A - compact, Ve > 0 there exists finite-dimensional B: ||A — B|| <e.
Proof.

Remark. Works only if the target space is Hilbert (there are orthogonal projectors
on the subspaces!!) Enflo’s counterexample for Banach space as a target.
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Let y1,...,yn be e-net for A(B(1)). Then Vx € B(1)
Az — yel| < €

for some k.

V := LinSpan({yx})
Let Py be orthogonal projection Py, : H — V.

B = PvA
One has
||PvA— Al| = sup ||PyAx — Azx|| < 2¢
[Jz[|=1
since

||PoAz — Axl| = || Py Az — yi + ye — Az|| < ||Py(Az — yi)l| + || Az — yil|
and || Py|| = 1.

2. Weakly converging to converging.
A- compact, x, — xg. Then Ax,, — Ax,.

Proof. B - finite-dimensional e-approximation.

[|A(zr = zo)[| < |[(A = B)(xx — xo)|| + [| By — Buoll

For the first term: ||zx|| < C (see above) and |[(A — B)(xy — x0)|| < Ce For the
second term:

N
k=1

and < x — xg, gx >— 0.

3. Other standard properties: A, compact, ||A, — A|| — 0 then A - compact;
A - compact then A* - compact

A - compact B - bounded, then AB and BA - compact, etc
Geometric Lemma
dim H = oo = [ is not compact

Let x1,...,%,,... be linearly independent and L, := LinSpan {xy,...,x,}. Then
Vn > 13y, € L,:

[lynll =1

and
dist (Y, Lin—1) > 1/2
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Proof. For Hilbert space it is obvious. Let P, be orthogonal projection on L,,.

*

T = Ip 1Ty
T, —x*
Yn =
" e — 2|

Obviously dist(y,, L,—1) = 1. For Banach a little bit more tricky: Take z* € L, such
that ||z, — z*|| < 2a, where a = dist(x,,, L,_1).

T, —x*
Yn = -
2w — ]
VZGLn_l
9 — =] e — @l — 2 > oo = 172
Un — 2| = 77— llzn — (@ Tp — T —a =
Tn — o] %

11 Vishik-Lax-Milgram Theorem

a) Continuous sesquilinear form B generates bounded operator A.
V' - a Hilbert space, B(-, ) : V x V — C - sesquilinear, continuous.
Then necessarily: |B(z,y)| < C||z|| ||y]|
Riesz = B(zx, - ) =< Az, - >

| < Az,y > | =|B(z,y)| < Cllz[| ||y]|
y = Ax
HAxH2 =< Az, Az >< C||z|| || Ax||

and

| Az]] < Cf|x]]

i. e. A:V — V is bounded.

b) If this continuous sesquilinear form B is V-elliptic (= ”positively” defi-
nite; in general, it is complex valued, hence ”?”) then A : V — V - isomorphism
(and, in particular, surjective).

VLM Theorem: |B(z,z)| > o|lz||*, a >0 = A:V — V - isomorphism (and
A~!is bounded).

Proof.
A injective: ||Az||||z|| > | < Az,z > | = |B(z,))| > af|z||*. Thus,

1zl = alle] (11.1)

A surjective:
gAQ dense. fLR(A),f # 0= Vz one has 0 =< Az, f >= B(x, f). Takexz = f 7!
h‘l_l'%mphes that R(A) is closed. Thus R(A) =V and [|[A7!]] < i
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Applications: Example 1

c) Existence of a weak solution to Neumann problem.
(Follows from surjectivity of A from VLM Theorem)

{(A —MNu=f(€ Ly(K)) in K (11.2) |Neumann

Jyuu=0 on 0K

What is a weak (= generalized) solution?
1)Integration by parts
Gauss theorem:

Qch;/divﬁdvz/ <it,E > dS
Q o0

Oy, (uwv) =div (0,...,0,uv,0,...,0)
n= (nl,...,nl)
Gauss formula implies:

/ O, (u0)dV = npuvdS
Q o0

or
‘ Jo tavdV = — [ uvg, dV + [o, Uy dSJ formula of integration by parts.
) Now let u be classical solution of (I ) and let v € C*>°(K). Then

/fvdV /AuvdV /\/ uv = — /Zu%vx? / Zufﬁ n;vdS — /\/uvdS—
oK

:/Zum@xidv+/ O as — )\/m‘}dS:
K ok On K
—/ Zuziz‘;xid‘/—)\/ uv dV
K K

N
Definition. u € W3 (K) is a generalized (weak) solution to (Iel.lmZaj it Vo € WA(K)
i f0AV = = [ > g, U0, AV — A [ uv dV |
3) Introduce B(-,-) : Wi (K) x W4(K) — C:

—/ Zuziz‘;xid‘/—)\/ uv dV
K K

B is a continuous sesquilinear form.

Proposition 32. For A € C\ R_ the form B is W3 (K)-elliptic.
Proof

2
|Bu, w)* = [[[Vul* + (A + ido)l[ul*] = ([[Vul|* + Aa[ul[*)* + A ul|* =
IVull® + AT+ A3l + 21Vl [*As ||
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kid

WLOG A\ < 0 and Ay # 0. (If not then either obvious (A; > 0) or in forbidden zone
()\1 < 0 and )\2 = 0)

)\2
2Vl lull” < e[[Vull* + = lull*

and
A

B, w)[* 2 [[Vull* + (AT + 29) [l = €[[Vul[* = 5

[Jull* =

1
[Vull'(1 =€) + [Jul*(A; — (5 = DA]) >
€

allfull* + [1Vull) = Sa(llull® +[[Vul[*)*

N —

if e <1 and eis close to 1. (¢? <1 and % — 1 is small).
4) Now CENTRAL POINT:

Proposition 33. If A\ € C\ R_ then problem (gei?mza?nnﬁas a generalized solution from

Proof Due to VLM B(u,v) = (Au,v) for u,v € Wi(K) and A : W}H(K) — W}(K)

- isomorphism. Linear functional < f,- >, x): W3 (K) — C is continuous !!

(I < fiv > <Fllellollz, <l lollwy)

Riesz = U € Wy: < f,v >1,= (U,v)w;
A - isomorphism (and, in particular, SURJECTIVE). Thus, Jug € Wi: Aug = U.
For this wug

B(ug,v) = (Aug,v) = (U,v) =< f,v >,

or
B(Uo,'l}) =< fav >

N
for any v € W,. Thus, ug is a weak solution to (Iell.lmZai o
Remark. One can do the same with f € H 1K) = (W, (K))*

12 Lemma used in the proof of Sears criterion
Lemma 15. If ® € D'(R) and ®' =0 then ® = C. If " =0 then & = Cx + D.
kid
Proof of Lemma }ﬁ Let @ = 0. Choose ¢y € D(R) such that [, @ # 0. Let

<(D,¢0 >
O =_— 70~
fR¢0

For any ¢ € D(R) one has

<¢—C,¢>:<¢,¢>—%/}%¢:<®,w>
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where 1) = ¢ — % One has [, = 0 and therefore ¢(z) = £ [* 4 with
R

Thus, < ®,9 >=0and & = C.
Let ®” =0 Then ¢’ = C and ( — Cx) =0. Thus & — Cz = D.

Banach Algebras Approach to the
Spectral Theorem:

Notes from Winter 2023 version of the course

13 Spectral Theorem for bounded self-adjoint oper-
ators

13.1 Banach algebra generated by A in BH.

Let A € BH, A = A*. Consider A — the (closed) commutative Banach algebra (over
R!!!) generated by A in BH.

Spectral Theorem

A=C(Sp(A))

Let af < A<pI.
(Reminder: A,;B-s. a, A>Bif A—B>0i e Vo <(A—-B)zx,z>>0.)
Define the map

Rlz] 5 p(z) = p(4) € A

Lemma 16. If p(x) > 0 on [«a, 5] then p(A) > 0.

Proof

Lemma 17. Let A s. a., A > 0. Then there exists VA € BH, s. a., positive and
commuting with A.

Usually, this Lemma is proved via the Spectral Theorem, but an independent proof is
also possible: v/A can be constructed via iterations. We skip this (or postpone).
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Lemma 18. Let Ay and As are s. a., positive, commuting. Then AyAs is also s. a.
and positive.

Proof.
< AlAQ.T,.CC >=< Al\/ AQ\/ AQLU,LI? >=< 1/ AQAI\/ AQZL’,I‘ >=< Al\/ AQ.CC, \/ AQLC >>0
Now

= [Tt -an TT - o) [t =P TL (= 6% + )

where C' > 0, o; are the real roots from the left of a, 3; are the real roots from the right
of B, v are the roots from («, 5) (of even multiplicity!!); the last product corresponds to
pairs of mutually conjugate complex roots. Clearly, p(A) > 0 by the preceeding Lamma.

Corollary.
|Ip(A)[| < sup, Ip(z)]- (13.1)
rE|a,

Proof. Let S = sup,¢(, g [p(7)|. Consider

¢+(r) =S —p(x) and q_(x) =5+ p(z)

Both polynomials are positive on [«, ], therefore, ¢, (A > 0 and ¢ (A) > 0. This
gives
Vo — S||z|]* << p(A)z, v >< S||z||?

or

sup | < p(A)z,x>|<S.
[lll=1

But for a bounded s. a. operator B

||B|| = sup | < Bz,x > |

l|l||=1

(skipped, see FA 1, postponed if unknown). Thus, |[p(A)|| < sup,¢(, g [P(7)] as stated.
Thus, the map

p(x) = p(A)
extends to a (continuous) morphism of Banach algebras

i:Clo, Bl = A

(via Weierstrass Theorem).
Consider I = Keri — a closed ideal in C[a, b].
Define (notation will be justified later, it is in fact the spectrum of A)

Sp(A):=Z(I)={z € la,b]:Vfel f(x)=0}

Lemma 19.

I={f€Clabl:f|, =0}
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That is a general fact. Let K be a Hausdorf compact, and let I be a closed ideal in
C(K). Then I = {f € C(K) : f|za) = 0}.
Reminder: Real version of Stone-Weierstrass: K — Hausdorf compact, A <
K

C(K), A separates any two points and 1 € A = A = C(K).
Proof. Z(I) is compact. K/Z(I) is again a (Hausdorf) compact.

CUR/2(1) = {f € CK): flzan) = const)
The subalgebra ¢1 + I of C(K/Z(I)) coincides with C(K/Z(I)) due to the real version
of S--W., so, I coincides with {f € C(K) : f|zu) = 0}.
Now define the map .
C(SpA)s>f— f(A)eA
where f is a continuous extension of f to [, f] with the same uniform norm. Clearly,

the f(A) is independent of the choice of the extension:
glspy =0 = g(A) =0

Thus we have a morphism
j:C(Sp(4) = A

e For f € C(Sp(A)) one has

Theorem 5.
f>20&5(f)=f(A) >0

e j:C(Sp(A)) — A is an isomorphism of Banach algebras.

(An alternative form of the SPECTRAL THEO-
REM)

Proof. 1) Let f(A) > 0. We have to prove that f > 0 on Sp (A).
Let ¢ € Sp(A), f(c) < 0. Let £ be a positive cut-off function with support near c.
> 0. But f(A) is positive and £(A)
0 and f¢ € Keri and, therefore,

Then £f is negative everywhere and —&(A)f(A)
is positive, so £(A)f(A) > 0. Thus, f(A)E(A)
f€|sp(ay = 0 which gives a contradiction.

2)b:= [|f(A)[|, then
bl + f(A)>0
and, therefore,
bt f(t) =0
on Sp(A) and
sup [f| < b= |[|f(A)l
Sp(A)

0
Finally, we identify Sp (A) with the spectrum of A.
Temporarily denote the spectrum of A by o(A). 1)o(A) C Sp(A) or Sp(A)° C o(A)“.

Let £ € R does not belong to Sp(A). then ¢ — ¢ is invertible on Sp(A) and A — &1

is also invertible.
2)Sp(A) C o(A).
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Let £ € Sp(A). Let g be a positive function equal to N in 1/n-vicinity of ¢ and
g(t) = 1/|t — ] outside this vicinity.
Assume that A — &7 is invertible. Let B = (A —&1)7h

B(A—¢l)=(A—¢N)B) =1
Since |(t — &)g(t)| < 1, one has
(A= ¢D)g(A)]] <1

and
lg(A)|| = [[B(A—&)g(A)]| < [|B]]

But ||g(a)|| = N, which gives a contradiction.

Exercise. Show that the C*-algebra generated by I and A in BH is isomorphic to
Cc(Sp(A)).
13.2 On projection operators.
G - closed subspace H, H =G ® F, h = g+ f, h — g is the orthogonal projection Pgh.

Lemma 20. Let P : H — H be a linear operator. Then P> = P & P* = P iff P = Pg
for some closed G < H.

Proof. G:={h€ H: Ph=h}.
Clearly, Vh € H Pgh € G, Ph € GG. Thus, one has to prove that ((Pg — P)h,g) =0
for any g € G. That immediately follows from P = P* and P = Fg.

Properties

I|IP||=1, (Pz,z)>0,
trivial

e P#A£0 = o(P)=1{0,1}.

Directly: (P — X)™' = &P — $(I — P) (can be also obtained via Neumann
series).

oLetL,M<HThenPLPM:PMPL:()lffLJ_M
e P, + Py is a projector iff L 1 M.
.PMPL:PLPM:PMIHM<L

e P, — P, is a projector iff M < L.
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e Py Py is a projector iff Py, P, = Pp Py (and in this case PPy = Pron).

Proof. =
P1P2:(P1P2)*:P2*P1*:P2P1,
=:

(P\P,)? = PLP,P\P, = P2P2 = P\Py; (P,P)* = P;P; = P,P, = P P,
Pl.PQhEHl:ZM,nglGngiLaHdplpgiH%MﬂL.

13.3 Extension of the map Clo, 5] — A C BH.

Preliminary Remark. One can derive the usual form of the Spectral Theorem (i. e.
unitary equivalence to the operator of multiplication) from its Alternative form stated
above. This will be done a little bit later. After that the map Clo, 5] — A C BH
and its extension (say, to characteristic functions of a measurable set) become obvious
(multiplication by a bounded measurable function is a bounded operator in Ls).

Lemma 21. Let A, - s. a., A, > al, A, > A,y1. Then Vv € H Flim A,v =: Av and
A is bounded and s. a.

Proof. Clearly (A,v,v) converges for any v € H. Polarization identity implies
(A,v,w) converges for all v,w € H. Define an antilinear functional

Ao(w) = lim(A,v, w)

[ AL]]* = sup((Asz, @) > sup((Anz, 2) = [|A,|]
Thus, ||A,|| < C and, therefore,

| Av(w)| < const||w]|
and there is an operator A such that
(Av,w) = lim(A,v, w)

It is s. a. since (A,v,w) = (v, A,w) and bounded because the adjoint is closed.
Let us prove that s —lim A,, = A. One has

14w — Aol = |VA, = AV/A, — A|? <

<V AL = AlIP(V AL = Av, /A, — Av) = [| A, = Al((An — A)v,0)
< (C+IAID((An — A)v,v) = 0
(the relation ||B||*> = ||BB*|| and the self-adjointness of \/A4, — A was used).
Remark. This proof, taken from Appendix to Lang’s “SLs(R)” is less tricky than the
one from Riesz—Sz-Nagy book. However the final step was missed by Lang (he proved

only weak convergence) and the trick with square roots is taken from Murphy book on
C*-algebras (where the above Lemma is called ”Vigier Theorem”).
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Lemma 22. Let f > —C on Sp(A) and let f, are continuous on Sp(A), fn > faoir1 on
Sp(A) and f, — f on Sp(A) point-wise.

Then lim f(A,) (given by the previous lemma) is independent of the choice of the
sequence {fn}.

Proof. Let g,, h, be such sequences. Fix k and €. Then g, < h; + € for sufficiently
big n. Thus g,(A) < hx(A) + €l and

lim g,(A) < hi(A) + eI

and, therefore,
lim g (4) < hy(A)

send k — oo. Change g and h.

So, the map f — f(A) can be extended to functions that are bounded from below
and can be represented as point-wise limits of monotonously decreasing sequences of
continuous functions.

In particular, 1,<) are such. Let E(\) = 1,<)(A).

Since 1,<x(A)1,<x(A4) = 1,<A(A4), E(A\)* = E()\) and E()) is a projection in H.

13.4 Resolution of identity (aka spectral family of projections)

Clearly, p < A\ = E(u) < E(\). Let af < A < BI, then E(A\) = 0 for A < a and
E(A\) =1 for A > 8.

Lemma 23. (Strong right continuity)

s — e1_1%r E(c+e¢€) = E(c)

Proof. Clearly, E(c+ ¢) — E(c) is a projection, therefore,
1((E(c+e) = E(0)v]]” = (E(c +€) — E(c))v,v).

So one has to prove that
(E(c+e)v,v) = (E(c)v,v)

as € = 0+. Let h. continuously extends
1, z<¢c
0, v>c+e
to R (say, via linear interpolation) and hs similarly extends

1, z<c+e
0, r>c+e+6

Clearly, hs — h, uniformly as 6 — 0. Therefore, hs(A) — he(A) in the operator
norm as § — 0. (Continuous functional calculus for A). One has

]-mgc S 1x§c+e S h5
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and
}m S h6+-e

for sufficiently small §. So,
]-:Egc S ]-:L"Sche S he + €

and, since (he(A)v,v) = (1z<.(A)v,v) as € = 0+, one gets the statement of the Lemma.

Spectral inequality

Lemma 24. Let b < c. Then

b(E(e) — E(b)) < A(E(c) — E(b)) < e(E(c) - E(b)) (13.2)

Proof. The inequality

b(E(c) = E(b)) < A(E(c) — E(D))

follows from the inequality

bl <A

(13.3) |eql

ker E(b) ker E(b)

In fact, let h € H, h = u + v with u € ker E(b), v € (ker E(b))*.
Then (E(c) — E(b))v = 0. Indeed, since E(b)(E(c) — E(b)) = E(b) — E(b) = 0, one
has Vh € H (E(c) — E(b))h € ker E(b) and

Vge H ((E(b)— E(c))v,g) = (v, (E(b) — E(c))g) = 0.

On the other hand, if v € ker E(b) then E(c)v € ker E(b), too.
Similarly, the inequality

A(E(c) — E(b) < ¢(E(c) — E(D))

follows from the inequality
A’ <cl

. 13.4 2
E(c)H ‘E(C)H ( ) «d

(since E(c)E(b) = E(b) and, therefore, (E(c) — E(b))H C E(c)H, this is obvious).
Now consider the product, fp, of two functions:

e r—b
L 1a:>b

Clearly,
(A—=bI)(I = E(b)) = fo(A) =0

1
and, (E’%‘S) follows.
Similarly, the product, g. of (z —¢) and 1,<. is negative. Therefore, (A —cI)E(c) is
a negative operator.
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Theorem 6. (Lorch)
ds — lim (E(c) — E(c —€)) = Q.

e—0+
and Q. is the projection on {v € H : Av = cv}
Proof. From spectral inequality one gets

(c—e)(E(c) = E(c =€) < A(E(c) — E(c —€)) < c(E(c(=E(c —¢))

or

—€e(E(c) = E(c—e¢) <(A—cl)(E(c) — E(c—¢€) <0
This gives (use ||B|| = sup |(Bz, x)|)

(A~ eI)(E(e) — B(e —o)l| < ¢ (13.5)

On the other hand Vigier theorem guarantees that

Voe H 3 lim (E(c) — E(c—e€)v=w

e—0+
(more elementary (no Vigier, only basic definitions - exercise):

Lemma 25. {P;}°, - projections, P; > Pii1. Then 3s —lim P, = Q and Q is a
projection.

)
and (OI 55) a1rnplies,

or Aw = \w.
Thus, the projectiion Q. sends H to ker (A — ¢l).

It remains to show that
lren aery = 1@ (13.6)
ker,(A—cl

One can consider all the operators involved (A, I, E(b), E(c)) as elements of B(ker (A—
cI)). Then A =cl. Since Sp(A) = {c}, 1,<c =1 on Sp(A) and E(c) = I and E(b) =0
if b < c¢. Thus, (&3_6) holds true.

(A=chHhw=0

13.5 Integral representation fo A
al < A<pBI
o < < iy < fig < -0 < o1 < B < iy

Sllip(#k—i—l — ) <€

Spectral inequality gives

pre—1 (B () — Epr-1)) < A(E () — E(pe-1)) < (B (o) — E(ptr-1))
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Summing up one gets

and
n

> pe(E(u) = E(ui—1)) = > o1 (E(p) — Eppo)) < el

k=1
Thus,

1A =D M(B(u) = E(up-)|| < e

if g < A <y and

A= /foo ME(Q)) = /ﬁ ME(Q)

[e.9] a—

(as projection Stiltjes integral)

13.6 Equivalence with multiplication form of the S. T.

First let us pass to complex-valued functions. Extend ¢ to a *-morphism

<oo
Cela, 8] = {> _arA* ap € C} =: Ac < BH
in an obvious way. One has

1i(f +V=1g)l| < i1 + [li(a)ll < Slllpf| +sup |g| < 2sup |f +v/~1g|

Let f € H, consider H; = Acf = {3~ a,A*, a;, € C}. In case Af = H the vector

f is called cyclic. In general,
H = &2 Hy, (13.7)

(exercise - the same me thod as for resolvent way).
Consider the (bounded, positive) functional:

Clo, Bl € ¢ = (¢(A) S, f) -
By R-M Theorem
@A 1) = [ ody

for some finite measure p on R (in fact with supp on o(A)).
In particular,

(A"f, A" f) = (A" f, f) = /x"+mduf($) =< 2", 2™ > y(Rdpy)
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So, we get an isometry
U: Hf — LQ(R, dll,f)

dsum
Clearly, action of A is unitary equivalent to multiplication by z. Finally, using (13.7),

one constructs the unitary equivalence
U: H — &2, La(SpA; dpug,)

with UAU™! acting as M,

Let M be the disjoint union UpSpA with measure p whose restriction on k-th com-
ponent is s, Let A : M — R be the function defined by A(p) = z(p) if p is in k-th
component of M.

If f is a bounded measurable (say, Borel) function on Sp(A) then define

FIA) ==U" (AU

Exercise: f; - uniformly bounded (measurable, or, what suffices, continuous). f;
converges pointwise to f. Then

ds — limf;(A) = f(A).

Hint: this immediately follows from Lebesgue dominated convergence theorem.
Thus, we arrive at the extended functional calculus as it was constructed above.

13.7 Spectral Theorem for commuting operators

With a very small effort one can prove the generalization of ST for s. a. bounded
Ay, ..., A,, such that [A;, A;] = 0: there is an unitary equivalence U : H — Lo(M, p)
such that UA U™ are M, with some (bounded) measurable real-valued fi. (In fact M
is the product of Sp(4;).)

13.8 Derivation of the ST for unbounded s. a. operators

Recall that operator B is called normal if BB* = B*B. If B is normal then
B=A+1A

with self-adjoint commuting A;, A,. In fact,

_BiBx BB
T LY

B

Thus, using the ST for commuting Ay, A,, one gets the spectral theorem for bounded
normal operator: it is unitary equivalent to operator of multiplication My, ;s by a
complex-valued function.

Now let A: H — H be s.a, unbounded. According to Lemma 4 §3.1.2 (page 31) of
the Main Course, N := (il — A)~! exists and is bounded.

Lemma 26. The operator N is normal.
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Proof. One has
(G = A)] =[] = A) ] = (=il = A)™
and
(] — A6 — A7 = (] — A7 (=il — A7 = [(—il — A)GI — A)] ' =

(GI — A)(—il — A)]) " = (=il — A7l — A~ = [(i] — A7l — A~

Therefore, (il — A)~! is unitary equivalent to the multiplication operator M, in
Lo(M, dp) with some complex-valued ¢. Let ¢ = i — % Then A is unitary equivalent
to M. Since A is self-adjoint, ¢ should be a. e. real. [J
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